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ABSTRACT 

The technique f o r  deducing atmospheric s t r u c t u r e  from s a t e l l i t e  measure- 
ments of r e f r a c t e d  s t a r l i g h t  i s  c r i t i c a l l y  examined by r e l a t i n g  e r r o r s  i n  
pressure  and temperature t o  equipment e r r o r s .  Graphical  r e s u l t s  a r e  presented,  
enab l ing  t h e  eva lua t ion  of s t a r - t r a c k i n g  accuracy requi red  t o  meet any given 
pressure  o r  temperature accuracy.  Rigorous ana lyses  o f  s t a r l i g h t  t ransmiss ion  
through t h e  atmosphere and background sky b r i g h t n e s s  a r e  repor ted ,  enab l ing  
the  c a l c u l a t i o n  of s t a r - t r a c k e r  s igna l - to-noise  r a t i o s  and completing the  
s p e c i f i c a t i o n s  necessary t o  a des ign .  

Occu l t a t ion  geometry has been rev ised  and i s  presented  i n  g raph ica l  form. 
Resu l t s  of a prel iminary cloud cover a n a l y s i s  a r e  included.  
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I. INTRODUCTION 

A f e a s i b i l i t y  s tudy of s a t e l l i t e  measurements of s t a r l i g h t  r e f r a c t i o n  t o  
deduce atmospheric parameters was begun i n  1961. 
a s e r i e s  which desc r ibes  t h e  progress  of t h e  s tudy .  

This  r e p o r t  i s  t h e  f o u r t h  i n  

The f i r s t  r e p o r t  gave a broad o u t l i n e  of  t h e  technique and a s ta tement  of 
s e v e r a l  problem a reas  and suggested s o l u t i o n s .  I n  the  second r e p o r t  an at tempt  
was made aga in  t o  desc r ibe  f u l l y  the technique and t o  inc lude  t h e  r e s u l t s  of  a l l  
ana lyses  made t o  t h e  da t e  of pub l i ca t ion .  The r e p o r t  was intended t o  r ep lace  
t h e  f i r s t  and not  t o  supplement i t .  

S h o r t l y  a f t e r  t h e  second r e p o r t  was p r in t ed ,  an  a n a l y t i c  s o l u t i o n  was found 
t o  t h e  equat ion  express ing  t h e  dens i ty  f u n c t i o n  i n  terms of a r e f r a c t i o n  scan .  
Th i s  s o l u t i o n  had such s i g n a l  importance t o  t h e  u l t ima te  f e a s i b i l i t y  of t h e  t ech -  
nique t h a t  it was descr ibed  i n  a b r i e f  t h i r d  r e p o r t .  The a n a l y t i c  i nve r s ion  
enabled a complete, d e f i n i t i v e  e r r o r  a n a l y s i s  and an  a c t u a l  da ta -process ing  
method t o  be w r i t t e n .  

The p r e s e n t  r e p o r t  g ives  t h e  r e s u l t s  of s e v e r a l  ana lyses  conducted s i n c e  
those  r e p o r t s .  S p e c i f i c a l l y ,  a complete e r r o r  a n a l y s i s  i s  presented ,  l i n k i n g  
s t a r - t r a c k i n g  accu rac i e s  wi th  pressure and temperature e r r o r s .  Also funda- 
mental  t o  s t a r - t r a c k e r  des ign  i s  t h e  requi red  s e n s i t i v i t y ,  a f u n c t i o n  of s i g n a l -  
t o -no i se  r a t i o .  For t h i s  reason s t u d i e s  of s t a r l i g h t  t ransmiss ion  and sky 
background i n t e n s i t i e s  were made. Since clouds c o n s t i t u t e  an  important  l i m i -  
t a t i o n  t o  t h e  technique, a s e c t i o n  i s  devoted t o  t h a t  problem. Occu l t a t ion  
geometry was reexamined r i g o r o u s l y  and some changes from the  r e s u l t s  given i n  
t h e  second r e p o r t  are noted.  

General ly ,  t he  s t u d i e s  were undertaken t o  develop s p e c i f i c a t i o n s  f o r  the  
s p a c e c r a f t ,  t hus  reducing t h e  quest ion of t h e  t echn ique ' s  f e a s i b i l i t y  t o  one 
of determining whether o r  no t  t h e  engineer ing  s t a t e - o f - t h e - a r t  i s  such t h a t  
the  requirements  can be met. That determinat ion w i l l  be the  next  focus  of 
e f f o r t .  Hopefully, a pre l iminary  spacec ra f t  des ign  w i l l  emerge. 



11. AN A N A L Y S I S  OF ERRORS 

One of t h e  m o s t  v i t a l  analyses  i n  the  f e a s i b i l i t y  s tudy i s  t h a t  of t he  
propagat ion of e r r o r s  through the  da ta - reduct ion  process .  The r e s u l t  of such 
an e r r o r  s tudy  w i l l  be the  de te rmina t ion  of t he  e r r o r s  i n  the  meteorological  
Parameters, dens i ty ,  p ressure ,  and temperature,  a s  func t ions  of t h e  e r r o r s  i n  
the  da ta -ga ther ing  equipment. These func t ions  may then  be used i n  e i t h e r  of 
two ways: knowledge of maximum acceptab le  e r r o r s  i n  the  meteoro logica l  param- 
e t e r s  ena'ulss a spec i f i ca t . i  on of t he  requi red  equipment accuracy, o r  knowledge 
of t he  e r r o r s  i n  proposed equipment i s  s u f f i c i e n t  t o  determine iiie e ~ r o r s  i n  
t h e  meteorological  parameters .  

I n  the  cu r ren t  study, t he  former approach i s  used: t he  requi red  meteor- 
l o g i c a l  accurac ies  w i l l  determine equipment s p e c i f i c a t i o n s .  F e a s i b i l i t y  of t he  
r e f r a c t i o n  technique w i l l  then  depend on t h e  a b i l i t y  t o  meet t hese  s p e c i f i -  
c a t i o n s .  

E r r o r s  have been analyzed by two methods: t h e  f i r s t  method w i l l  be 
r e f e r r e d  t o  as " t h e o r e t i c a l , "  t he  second method a s  "numerical  . ' I  

r e t i c a l  method involves the  in t roduc t ion  of an  e r r o r  t o  the  r e f r a c t i o n  angles  
which, a ided by c e r t a i n  s impl i fy ing  assumptions, can be propagated a n a l y t i c a l l y  
t o  produce an e r r o r  i n  the  r e t r i e v e d  d e n s i t i e s .  The e r r o r  i n  r e t r i e v e d  
d e n s i t i e s  i s  a l s o  analyzed a s  a func t ion  of d a t a  f requency.  Pressure  and temper- 
a t u r e  e r r o r s  a s  func t ions  of dens i ty  e r r o r s  a r e  a l s o  computed. 

The theo-  

The numerical e r r o r  a n a l y s i s  involves  t h e  s imula t ion  of a c t u a l  s a t e l l i t e  
d a t a .  A s e t  of c o r r e c t  r e f r a c t i o n  va lues  f o r  an a r b i t r a r y  atmosphere i s  
computed and subjected t o  a random s c a t t e r  of  some known s tandard  d e v i a t i o n .  
The s c a t t e r e d  r e f r a c t i o n  angles  a r e  f e d  t o  the  d a t a  process ing  program, and 
the atmospheric d e n s i t i e s ,  p ressures ,  and temperatures  computed. These 
computed values  a r e  then  compared wi th  t h e  o r i g i n a l  atmosphere t o  o b t a i n  the  
e r r o r s .  Th i s  process i s  repeated wi th  s e v e r a l  randomly s c a t t e r e d  s e t s  of 
r e f r a c t i o n  angles having the  same s tandard  d e v i a t i o n  t o  e s t a b l i s h  an r m s  e r r o r .  

The e n t i r e  procedure i s  repeated f o r  o t h e r  va lues  of s tandard  dev ia t ion  
and f o r  s eve ra l  d a t a  r a t e s .  Thus the  output  y i e l d s  pressure ,  temperature ,  and 
d e n s i t y  e r r o r s  as  func t ions  of s t a r - t r a c k e r  e r r o r  and information r a t e .  The 
numerical ana lys i s  r e q u i r e s  and uses  the  e x a c t  d a t a  r educ t ion  scheme. 

The r e s u l t s  of t he  two types of a n a l y s i s  may be compared, wi th  t h e  theo-  
r e t i c a l  ana lys i s  s e rv ing  as a guide t o  the  e f f i c a c y  of t h e  numerical  a n a l y s i s .  
Since the  numerical e r r o r  a n a l y s i s  i s  based on t h e  a c t u a l  da t a -p rocess ing  
method t o  be used, it should be regarded a s  most important ;  it i s  no t  only a 
demonstrat ion of how d a t a  may e a s i l y  be processed i n  t h e  time r equ i r ed ,  b u t  i s  
l ikewise  a proof of t he  co r rec tness  of t h e  i n v e r s i o n  from r e f r a c t i o n  t o  the  
meteorological  parameters . 
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A .  THEOETICAL ERROR ANALYSIS 

The b a s i c  inve r s ion  r e l a t i o n  used t o  recover  d e n s i t y  from r e f r a c t i o n  angle 
da t a  was given by Hays and Fischbach': 

nk 

where 7 i s  t h e  impact parameter measured by the  s a t e l l i t e :  

q = r s i n z .  

I n  t h e  gene ra l  s i t u a t i o n  t h e  r e f r a c t i o n  angle  d a t a  w i l l  be obta ined  a s  a number 
of d i s c r e t e  d a t a  p o i n t s  ( R i ,  v i )  which must be incorpora ted  i n  a numerical  
i n t e g r a t i o n  scheme i n  o rde r  t o  obta in  t h e  d e n s i t y  d a t a .  That i s ,  

where t h e  func t ions  f i j  depend upon the s p e c i f i c  d a t a  reduct ion  scheme. 

Since t h e  a c t u a l  d a t a  obtained from t h e  s a t e l l i t e  measuring device w i l l  
be i n  e r r o r ,  t h e  d e n s i t i e s  will be i n  e r r o r  by t h e  amount 

co 

" 3  = - Jrk f C i j A R i  + 1 CijRi] , 
i= j i =N 

where t h e  f i r s t  term rep resen t s  the  e r r o r  due t o  s c a t t e r  and t h e  l a s t  term i s  
due t o  t r u n c a t i o n .  The s c a t t e r i n g  of t h e  r e f r a c t i o n  angle  measurements i s  a 
r e s u l t  o f  two sources:  f i r s t ,  the  a c t u a l  measurement of r e f r a c t i o n  angle  i s  
i n  e r r o r ;  second, the  impact parameter 7 i s  obtained from R i  and conse- 
quent ly  i s  a l s o  i n  e r r o r .  For t h e  purposes of t h e  Error a n a l y s i s  one can 
combine these  e f f e c t s  i n  a s i n g l e  e r r o r  i n  the  r e f r a c t i o n  angle such t h a t  
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where 6Ri i s  t h e  e r r o r  i n  the  measured value o f  t he  r e f r a c t i o n  angle ,  and z t he  
z e n i t h  ang le .  

This  information can now be used s t a t i s t i c a l l y  t o  determine t h e  rms e r r o r  
i n  dens i ty  r e s u l t i n g  from a given r m s  inst rument  e r r o r .  It i s  e a s i l y  shown t h a t  

2 2  
C i j  A R i  + 

L -1 

where 

2 
Here 6Ri i s  t h e  rms instrument  angular  e r r o r  which i s  i n  gene ra l  independent of  
7 .  For the  s i t u a t i o n  where R i  v a r i e s  exponent ia l ly ,  R i  = %exp [-(qi-vo)/HI 

where H i s  t h e  sca le  he ight  of t h e  r e f r a c t i o n  angle  and rs t h e  s a t e l l i t e  d i s tance  
from the  c e n t c r  of the e a r t h .  

A . 1  Computational Procedure 

Since t h e  r e f r a c t i o n  angle i s  a nea r ly  exponen t i a l  f u n c t i o n  one can reason-  
ab ly  reduce t h e  r e f r a c t i o n  d a t a  by us ing  an exponen t i a l  approximation between 
po in t s  : 

I 1 
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l e t t i n g  I . . s t a n d  f o r  t h e  i n t e g r a l .  
can be w r i t t e n  a s  t h e  l i n e a r  r e l a t i o n  

But i n  t h e  case wherein R i  i s  i n  e r r o r  t h i s  Y 

where second-order terms a r e  neglected.  

The l a t t e r  p o r t i o n  of t h i s  r e l a t i o n  can be w r i t t e n  as 

where 
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where e r f  (x) = - J-t2dt and g i j  i s  the  Kironecker Del ta  Funct ion.  
0 

Jfl 

A.2 Pressure and Temperature 

The pressure  and temperature  a r e  determined d i r e c t l y  from t h e  d e n s i t y  da t a ,  
and thus  an es t imat ion  of t h e  r m s  e r r o r  f o r  t hese  q u a n t i t i e s  i s  e a s i l y  determined. 
Pressure  i s  obta ined  by d i r e c t  i n t e g r a t i o n  o f  t h e  h y d r o s t a t i c  equat ion  

hm 

P = l g  pdh + Pm ; 

h g = grav i ty ,  

hm = height  of topmost po in t ,  

Pm = pressure a t  topmost po in t ,  

which can be w r i t t e n  f o r  numerical  a n a l y s i s  as 

m 
P 

j =k 

The same procedure used i n  the  l a s t  s e c t i o n  may now be employed t o  o b t a i n  va lues  
for Djk. 
po la t e  between da ta  po in t s  by t h e  exponen t i a l  exp res s ion  

For an atmosphere i n  which p v a r i e s  n e a r l y  exponent ia l ly ,  one can i n t e r -  
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In t roducing  t h i s  r e l a t i o n  i n t o  t h e  hydros t a t i c  equat ion  and neg lec t ing  second- 
o rde r  q u a n t i t i e s  g ives  

where r 

F i n a l l y ,  s i n c e  t h e  temperature i s  r e l a t e d  t o  d e n s i t y  and pressure  through t h e  
equa t ion  of  s t a t e ,  one can wr i t e  

D 

and for s m a l l  e r r o r s  

j=f. 

Notice t h a t  e i t h e r  a value f o r  P o r  T may be chosen a t  t h e  topmost po in t ,  s ince  
t h e  d e n s i t y  i s  known, and thus  
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B. NUMERICAL ERROR ANALYSIS 

The numerical  e r r o r  a n a l y s i s  c o n s i s t s  f i r s t  of s e l e c t i n g  an a r b i t r a r y  atmo- 
sphere and c a l c u l a t i n g  p r e c i s e l y  t h e  r e f r a c t i o n  angles  which would be measured 
by a s a t e l l i t e  s t a r - t r a c k e r  dur ing  an o c c u l t a t i o n .  Random e r r o r s  of s p e c i f i e d  
s tandard  dev ia t ions  a r e  introduced i n t o  the  angles ,  s imula t ing  the  random e r r o r s  t o  
be encountered i n  t h e  a c t u a l  d a t a .  These d a t a  a r e  then  processed by the  com- 
pu te r i zed  da ta- reduct ion  program which p r imar i ly  i s  quadraturc  zf t h e  i n t c g r a l  
equat ion  i n v e r t i n g  r e f r a c t i o n  angles  t o  d e n s i t i e s .  The program c a l c u l a t e s  p r e s -  
su res  and temperatures  as we l l  as d e n s i t i e s .  (The erro;. due t o  i n i t i a l  p ressure  
o r  temperature i s  independent and added l a t e r . )  To o b t a i n  the  e r r o r ,  t he  r e -  
t r i e v e d  p res su res ,  temperatures  and d e n s i t i e s  a r e  compared with t h e  a r b i t r a r y  
atmosphere. 

I n  o rde r  t o  spec i fy  a meaningful r m s  e r r o r ,  s e v e r a l  s e t s  of randomly 
s c a t t e r e d  r e f r a c t i o n  angles  a r e  used f o r  each s e t  of parameters .  Ti.40 parameters 
a r e  var ied :  t h e  s tandard  dev ia t ion  of angular  e r r o r s ,  and the  he ight  i n t e r v a l  
between r e f r a c t i o n  angles ,  i . e . ,  da t a  f requency.  

The r m s  e r r o r s  ob ta ined  i n  t h i s  manner have s p e c i a l  s ign i f i cance  because 
they  r ep resen t  e r r o r s  i n  measurements a c t u a l l y  obta ined  by an o p e r a t i o n a l  da t a -  
processing scheme. Moreover, t he  Computations a r e  c a r r i e d  out  i n  l e s s  time 
than  the  simulated o c c u l t a t i o n s  would r equ i r e ,  a n e c e s s i t y  f o r  an  o p e r a t i o n a l  
method . 

B.l S e l e c t i n g  an Arb i t r a ry  Atmosphere 

Typical  atmospheric models a r e  designed t o  g ive  average condi t ions ,  u s u a l l y  
w i t h  temperature g rad ien t  d i s c o n t i n u i t i e s ,  and do not  a t tempt  t o  r ep resen t  t he  
r e a l  atmosphere a t  any given i n s t a n t .  We have chosen t h e r e f o r e  t o  work with 
t h e  a n a l y t i c  model atmosphere of Ref. 10, which i s  based on a continuous d e n s i t y  
func t ion ,  and perhaps resembles more c l o s e l y  t h e  atmosphere a t  some given time 
and p l ace .  (The "cor rec tness"  of t he  model i s  no t  a n  i s s u e ;  any a r b i t r a r y  
choice would s u f f i c e . )  Severa l  d i f f i c u l t i e s  a r i s e  i n  i t s  use,  however, most 
important of which i s  l a c k  of p rec i s ion ,  t he  t a b u l a r  va lues  be ing  given t o  
only f o u r  p l aces .  We t h e r e f o r e  use a s  our  s t anda rd  o r  input  a r b i t r a r y  atmo- 
sphere,  values  derived a s  fol lows:  

Density.  

The model atmosphere t a b u l a r  values  of llloglOp,l' given a t  2-km i n t e r v a l r  
from 0 t o  90 k m  and a t  4-, 2-, 1 1 - k m  intervals (911, 96, 100, 10i1, 106, 110, 
e t c . )  from 90 t o  200 km t o  fou r  s i g n i f i c a n t  f i g u r e s ,  a r e  assumed c x a c t .  For 
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. intermediate  values ,  t he  IBM 7090 was used t o  ca r ry  out  a f i f t h - o r d e r  Lagrangian 
i n t e r p o l a t i o n  wi th  these  r e s u l t s  considered e x a c t .  The a c t u a l  s tandard,  then,  
i s  loglop,  and exponent ia t ion  is requ i r ed  t o  o b t a i n  dens i ty .  

I 
I Pressure .  
I 

A f t e r  ob ta in ing  exac t  values  of d e n s i t y  a s  descr ibed above a t  0.1-km 
i n t e r v a l s  from 0 t o  200 km, t he  pressure "s tandard" i s  obtained by i n t e g r a t i o n  
downward a t  0 .l-km i n t e r v a l s ,  with an assumed exac t  pressure  of 1.3600XlO-3 
dynes/cm2 a t  200 km. The quadrature used is :  

P(h)  = P(200) + 

h 

2 
Gravi ty  i s  assumed e x a c t l y  g(h)  - 9.80665 ( 6  :;7; h )  m/sec2. For intermediate  
values  the  IBM 7090 subrout ine wi th  f i f t h - o r z e r  i n t e rpo la t ion ,  i s  considered 
exac t .  

Temperature. 

The "s tandard" f o r  temperature i s  obtained a t  any a l t i t u d e  from t h e  dens i ty  
and p res su re  s tandards .  

where M i s  t h e  molecular weight and R t h e  u n i v e r s a l  gas cons tan t .  M i s  o r d i n a r i -  
l y  considered t o  vary w i t h  a l t i t u d e  above 90 km. 
then t h e  der ived temperatures  a r e  ca l l ed  molecular-scale  temperatures .  They w i l l  
be i d e n t i c a l  wi th  k i n e t i c  temperatures below 90 km. Since our  technique w i l l  
never y i e l d  temperatures  above t h i s  a l t i t u d e ,  we chose M = 28.966 and used 
molecular s c a l e  temperature throughout, r e f e r r i n g  only t o  "temperature." The 
u n i t s  employed a r e  grams/cm3, dynes/cm2, and OK, thus:  

If M i s  t r e a t e d  a s  a cons tan t ,  

T = P/p X 3.4833 X . 
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The foregoing  c o n s t i t u t e s  t he  s tandard  a r b i t r a r y  atmosphere which w i l l  
be the  inpu t  t o  t h e  e r r o r  a n a l y s i s  scheme. It i s  intended t o  be r ep resen ta t ive  - 
of condi t ions  on some mid- la t i tude  n i g h t .  

B.2 Calcu la t ion  of Ref rac t ion  Angle 

Given t h e  a r b i t r a r y  atmosphere above, t he  next  s t e p  i s  t o  c a l c u l a t e  t he  
exac t  r e f r a c t i o n  angle of a s t a r ' s  l i g h t  r ay  which passes  h o r i z o n t a l l y  through 
the  atmosphere and i s  tangent  t o  it a t  a he ight ,  h, above t h e  s u r f a c e .  

The r e f r a c t i o n  computation i s  done on an IBiYi 7092, cofiiputei- aiid is azcxr s t e  
t o  f i v e  s i g n i f i c a n t  f i g u r e s  . 

To economize i n  the  computation of r e f r a c t i o n  angle ,  which i s  expensive due 
t o  the  smal l  i n t e g r a t i o n  s t e p s  requi red  f o r  p rec i s ion ,  t h e  computation w i l l  be 
l i m i t e d  t o  every 1 / 2  k m  of tangent  r ay  h e i g h t .  
7090 subrout ine  with f i f t h - o r d e r  i n t e r p o l a t i o n  i s  used.  The accuracy of t h i s  
i n t e r p o l a t i o n  was checked by comparison wi th  the  i n t e g r a t i o n  a t  s e v e r a l  po in t s  
and was i d e n t i c a l  t o  wi th in  .002%. 

For in te rmedia te  po in t s  t he  IBM 

B.3 In t roduc t ion  of E r r o r  

Our technique i s  presumed t o  u t i l i z e  a s t a r - t r a c k e r  which b a s i c a l l y  measures 
r e f r a c t i o n  angle  as  a func t ion  of t ime.  Time e r r o r s  can be made equ iva len t  t o  
r e f r a c t i o n  angle  e r r o r s ;  thus  r e f r a c t i o n  angle  e r r o r s  a lone may be used t o  
spec i fy  p rec i s ion .  Equal ly  important,  i n  s t a r - t r a c k i n g  a s  we l l  a s  i n  d a t a  
reduct ion ,  i s  t h e  frequency with which r e f r a c t i o n  can be measured. 
speaking, i n  s t a r - t r a c k e r  des ign  a t r ade -o f f  between accuracy and frequency of 
observa t ion  may be made. 

General ly  

Thus our  e r r o r  ana lys i s  c o n s i s t s  of varying two parameters:  t he  r m s  value 
of r e f r a c t i o n  angle e r r o r ,  and t h e  frequency of measurement. Addi t iona l ly ,  
s e v e r a l  d i f f e r e n t  randomly s c a t t e r e d  scans a r e  r equ i r ed  f o r  every case i n  o rde r  
t o  show the  e r r o r  bandwidth, r a t h e r  t han  t h e  e r r o r  i n  a s i n g l e  r e t r i e v a l ,  which 
might be unusual ly  l a r g e  o r  smal l .  

We then  take the  c o r r e c t  i n t e r p o l a t e d  va lues  of r e f r ack ion  angle  and 
sub jec t  them t o  a Gaussian s c a t t e r  i n  which t h e  s tandard  d e v i a t i o n  may be 
s p e c i f i e d .  These s e t s  of r e f r a c t i o n  angles  c o n s t i t u t e  t he  s imulated d a t a .  

B .4 R e t r i e v a l  of Atmospheric Parameters 

While the  e r r o r  a n a l y s i s  proper c o n s i s t s  of a v a r i a t i o n  i n  s tandard  
dev ia t ion  of s c a t t e r e d  r e f r a c t i o n  angles ,  a v a r i a t i o n  of r e f r a c t i o n  angle 
frequency, each with a number of random scans t o  determine t h e  e r r o r  bandwidth, 
s e v e r a l  determinat ions must be made wi th in  t h e  r e t r i e v a l  program, some of which 
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a l s o  r equ i r e  a v a r i a t i o n  of  parameters. 

O f  t hese ,  t h e  f i r s t  i s  determinat ion of i n t e g r a t i o n  i n t e r v a l  s i z e .  A f t e r  
t e s t i n g  the  e r r o r s  wi th  var ious  amounts of s c a t t e r ,  va r ious  r e f r a c t i o n  angle  
da t a  f requencies ,  and vary ing  i n t e g r a t i o n  i n t e r v a l s ,  we concluded t h a t  t h e  
i n t e r v a l  should be approximately t h e  s i z e  of  t h e  inpu t  r e f r a c t i o n  angle  i n t e r v a l s .  
Smaller  i n t e r v a l s  become expensive with v i r t u a l l y  no improvement i n  accuracy; 
l a r g e r  i n t e r v a l s  cause l o s s  of p rec i s ion .  

Second i s  a de te rmina t ion  of the cha rac t e r  of  t h e  r e f r a c t i o n  angle  s c a t t e r  
t o  be in t roduced .  A Gaussian s c a t t e r  was chosen and modified such t h a t  any 
po in t  i n  e r r o r  more than  3-sigma was r e j e c t e d  and another  po in t  s e l e c t e d  t o  
rep lace  it. This  i s  a more severe c r i t e r i o n  than  Chauvenet 's ,  f o r  example, but 
one i n  keeping wi th  the  phys ica l  s i t u a t i o n  a c t u a l l y  involved.  

Third,  aga in  regard ing  t h e  s c a t t e r e d  r e f r a c t i o n  angle  input  da t a ,  a determi-  
n a t i o n  must be made of t h e  i n i t i a l ,  o r  upper,  a l t i t u d e .  It i s  man i fe s t ly  uneco- 
nomical t o  allow t h e  s t a r - t r a c k e r  t o  dwell  on a star long  be fo re  s i g n i f i c a n t  
r e f r a c t i o n  begins .  Yet a t  whatever a l t i t u d e  we choose t o  begin  t h e  r e f r a c t i o n  
scan, some r e f r a c t i v e  atmosphere l i e s  above and w i l l  be neglected,  t hus  making 
our  computed d e n s i t i e s  s l i g h t l y  low. 

Fourth,  cons ider  s c a t t e r e d  r e f r a c t i o n  ang le s .  If t h e  s tandard  d e v i a t i o n  
of s c a t t e r  i s  4 arc-seconds,  say,  and we a r e  observing a r a y  with tangent  
he ight  of about 50 km where r e f r a c t i o n  equals  3 arc-seconds,  our  d a t a  w i l l  con- 
t a i n  s e v e r a l  nega t ive  r e f r a c t i o n  angles .  Our re t r ieva l  program i s  not  p re -  
pared t o  cope wi th  them; the re fo re ,  we a r b i t r a r i l y  change t h e i r  value t o  zero.  
This  in t roduces  a s l i g h t  p o s i t i v e  e r r o r  i n t o  t h e  computed d e n s i t i e s .  

Since our  t h i r d  problem, t runca t ion  of t h e  data,  i n t roduces  a s l i g h t  nega t ive  
skew t o  the  d e n s i t i e s ,  and the  f o u r t h  problem, nega t ive  r e f r a c t i o n  angles  changed 
t o  zero,  in t roduces  a s l i g h t  p o s i t i v e  skew t o  t h e  d e n s i t i e s ,  our  technique i s  
t o  p i t  t h e s e  two e f f e c t s  a g a i n s t  each o t h e r  and a t tempt  t o  make them cance l .  
To accomplish t h i s ,  s e v e r a l  random scans were r e t r i e v e d  i n  which t h e  parameter,  
QM, was var ied :  QM i s  t h e  number o f  r e f r a c t i o n  angles ,  reading  upward i n  t h e  
scan,  which a r e  nega t ive  p r i o r  t o  t runca t ion .  Thus when QM = 0, t r u n c a t i o n  
occurs  a t  t h e  f i r s t  negat ive  r e f r a c t i o n  angle;  hence none i s  changed t o  zero 
and a cons iderable  p o r t i o n  of  t h e  r e f r a c t i o n  i s  t r u n c a t e d  g iv ing  a nega t ive  
skew. When QM i s  g r e a t e r  t han  t h e  number of  nega t ive  r e f r a c t i o n  angles  i n  t h e  
e n t i r e  scan  c a r r i e d  t o  extreme a l t i t u d e s  (200 km f o r  our  c a s e s ) ,  t hen  a l l  nega- 
t i v e s  become 0, t h e  t runca ted  p o r t i o n  i s  e n t i r e l y  n e g l i g i b l e ,  and a p o s i t i v e  
skew is  r e a l i z e d .  These two l i m i t i n g  cases  were t e s t e d ,  as we l l  a s  s e v e r a l  
values  i n  between wi th  var ious  amounts o f  s c a t t e r .  The optimum value of &M 
appeared t o  be about 6 f o r  t h e  seve ra l  scans t e s t e d .  However, t h e  most i m -  
p o r t a n t  r e s u l t  was t h e  f a c t  t h a t  a t  40 km and below, t h e  e n t i r e  band bounded 
by t h e  l i m i t i n g  va lues  of QM was considerably sma l l e r  t h a n  t h e  band caused 
on ly  by randomness of t h e  scans with a l l  parameters equal .  This  i s  taken  as 
proof t h a t  t h e  choice of &M i s  e s s e n t i a l l y  unimportant;  hence Q,M = 6 i s  t o  be 
used wi thout  concern.  
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F i f t h ,  a f t e r  d e n s i t i e s  a r e  obtained,  a choice of a l t i t u d e  t o  begin  p re s su re  , 

i n t e g r a t i o n  must be made. Here, our  procedure e n t a i l s  an e s t ima te  of pressure  
a t  t h e  i n i t i a l  a l t i t u d e  and t h e  use  of  c a l c u l a t e d  d e n s i t i e s  t o  i n t e g r a t e  downwards. 
The i n i t i a l  e r r o r  i s  soon overcome by t h e  exponen t i a l ly  i n c r e a s i n g  p res su re .  
However, i f  dens i ty  d a t a  a r e  badly  s c a t t e r e d  a t  t h e  upper end, it i s  b e t t e r  t o  
beg in  by e s t ima t ing  pressure  a t  a lower a l t i t u d e .  
optimum i n i t i a l  po in t ,  which v a r i e s  somewhat with d i f f e r e n t  amounts of s c a t t e r .  

Experience i n d i c a t e s  t he  

C .  RESULTS 

The r e s u l t s  of bo th  ana lyses  a r e  shown i n  F i g .  1-8. Figures  1, 2, and 3 
show the  r e s u l t s  of t h e  numerical  a n a l y s i s ,  with each symbol r ep resen t ing  t h e  
rrns e r r o r  of 6 scans.  The e r r o r s  have been normalized t o  one arc-second r m s  
s t a r - t r a c k i n g  e r r o r .  The mixing of t he  symbols i n  F i g .  1 and 3 shows the  l i n e -  
a r i t y  of e r r o r s  with r m s  s t a r - t r a c k i n g  e r r o r s .  While some n o n l i n e a r i t y  e x i s t s  
i n  t h e  pressure  r e s u l t s  of F i g .  2 (evidenced by  the  l i n e s  of symbols of t h e  
same t y p e ) ,  a s  a genera l  s ta tement  we may conclude t h a t :  I n  t h e  range from .5 
t o  8 arc-seconds,  t h e  e r r o r s  i n  pressure ,  temperature ,  and d e n s i t y  a r e  pro- 
p o r t i o n a l  t o  the  r m s  t r a c k i n g  e r r o r ;  t h e  magnitude of t hese  e r r o r s  i s  s t r o n g l y  
dependent on height  and corresponds c l o s e l y  wi th  t h e  t h e o r e t i c a l  r e s u l t s  i n  
d e n s i t y  and temperature,  b u t  not so c l o s e l y  wi th  r e s u l t s  i n  p re s su re .  

Figure 4 shows t h e  e f f e c t  o f  v a r i a t i o n s  i n  d a t a  r a t e .  E r r o r s  i n  d e n s i t y  
and temperature  vary as t h e  square r o o t  of t h e  d i s t a n c e  between observa t ions ,  
while e r r o r s  i n  pressure  vary d i r e c t l y  wi th  t h i s  d i s t a n c e .  The r e s u l t s  i n  
F ig .  4 a r e  f r o m t h e  t h e o r e t i c a l  a n a l y s i s .  

F igures  5 through 8 show t h e  e r r o r s  i n  pressure  and temperature  which 
would r e s u l t  with s t a r - t r a c k e r s  of 2- and 4-arc-seconds rrns e r r o r .  The e r r o r  
i n  i n i t i a l  pressure e s t ima t ion  a t  40 km i s  assumed t o  be 5% rrns and i s  shown 
along wi th  t h e  e r r o r  due t o  s t a r - t r a c k e r  e r r o r .  The root-mean-square sum of 
these  two e r r o r s  t hen  r ep resen t s  the  t o t a l  e r r o r  of  t h e  system (exc luding  t h e  
he ight  e r r o r  a s soc ia t ed  wi th  s a t e l l i t e  t r ack ing ,  which i s  considered elsewhere)  . 
Figures  5 through 8 a r e  based on t h e  a c t u a l  r e s u l t s  of data  reduct ion ,  and 
not on t h e  t h e o r e t i c a l  a n a l y s i s ,  which would have reduced t h e  pressure  e r r o r s  
cons iderably .  
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111. AN ANALYSIS OF EXTINCTION EFFECTS 

A.  ISOTHERMAL ATMOSPHEE 

The atmospheric e x t i n c t i o n  of s t e l l a r  r ad ia t ion  by an isothermal  atmosphere, 
and the  r e s u l t i n g  image energy d i s t r i b u t i o n  on a photocathode i n  an o r b i t i n g  
s a t e l l i t e ,  was examined f o r  var ious tangent ray  he ights  during occu l t a t ion .  
Severa l  f a c t o r s  cont r ibu te  t o  the  ove ra l l  e f f e c t  of extinction,namely, atmospheric 
d i spe r s ion  due t o  d i f f e r e n t i a l  r e f r ac t ion ,  molecular s c a t t e r i n g ,  ozone absorption, 
Mie s c a t t e r i n g ,  and water vapor s c a t t e r i n g .  I n  t h i s  ana lys i s ,  only d i f f e r e n t i a l  
r e f r ac t ion ,  molecular s c a t t e r i n g ,  and ozone absorpt ion f o r  an assumed ozone d i s t r i -  
bu t ion  a re  considered; Mie s c a t t e r i n g  and water vapor s c a t t e r i n g  a r e  defer red  
u n t i l  more da t a  concerning t h e i r  d i s t r i b u t i o n  can be obtained. In  addi t ion,  the  
e f f e c t  of s t a r  type, v i s u a l  magnitude, and photocathode ma te r i a l  c h a r a c t e r i s t i c s  
a re  considered i n  order  t o  examine the energy d i s t r i b u t i o n  on the  photocathode 
image. 

The geometry of a r e f r ac t ed  ray  i s  shown i n  F ig .  9. From the  Dale and 
Gladstone Law, the  dens i ty  i s  r e l a t ed  t o  the  r e f r a c t i v e  index of a i r  by 

k i s  a constant  which depends upon wavelength alone 

where R = un ive r sa l  gas constant  
3 m i l l i b a r  - m 

= 2.8706 0 kg - K 

h = wavelength i n  microns. 

Reference 1 shows t h a t  the  r e f r a c t i o n  angle Rs of a 

(1) 

and can be expressed by 

R ,  ( 2 )  

r ay  of wavelength ho passing 
through an isothermal atmosphere t o  an o r b i t i n g  s a t e l l i t e  with a tangent  ray  
he ight  of ho can be approximated by the r e l a t i o n  

Rs = 2kopbe ? ( 3 )  

2 1  



where 4, = d e n s i t y  a t  ground l e v e l ,  (kg/m3), 

H = Scale  Height of t h e  i so thermal  atmosphere (km), 

re = r a d i u s  of  t he  e a r t h ,  6371 km. 

The angle  8 i n  Figure 9 can be represented  from t h e  geometry by 

and 

as shown i n  Ref.  2.  8 can f u r t h e r  be reduced t o  y i e l d  

(4) 

where 

-ho/H d e n s i t y  a t  t angen t  r ay  he igh t ,  ho, Po = J 

f o r  an i so thermal  atmosphere (kg/m3), 

po = index o f  r e f r a c t i o n  a t  t angen t  r a y  he ight ,  

rs = o r b i t a l  r a d i u s  of t h e  s a t e l l i t e  (km) . 

To measure t h e  d i s p e r s i o n  of s t e l l a r  r a d i a t i o n  f o r  an image appearing a t  

The v a r i a t i o n  of r e f r a c t i o n  angle  wi th  wavelength and tangent  
the  s a t e l l i t e ,  one must measure t h e  change i n  r e f r a c t i o n  angle  a s  a f u n c t i o n  
of wavelength.  
r ay  he ight  i s  shown i n  F i g .  10. Each beam i n c i d e n t  upon t h e  s a t e l l i t e  i s  
composed of a penc i l  covering a range of t angen t  he igh t s  w i th in  t h e  atmosphere 
r a t h e r  t han  a s ing le  tangent  r ay  he igh t .  Rays of s h o r t  wavelength w i l l  have 
a higher  tangent  r a y  he ight ,  hol, s ince  they  experience a g r e a t e r  r e f r a c t i o n  
than  rays  of longer  wavelength. If some in t e rmed ia t e  wavelength i s  chosen as  
the  s tandard ,  say A,, corresponding t o  a t angen t  r a y  he ight  ho, t hen  rays  of 
longer  wavelength w i l l  have a lower tangent  r a y  he igh t ,  and t h e  oppos i te  holds 
f o r  rays  of s h o r t e r  wavelength. The he igh t  spread  can be c o n t r o l l e d  by s e l e c t i n g  
a proper wavelength band i n  measuring t h e  amount of s t e l l a r  r e f r a c t i o n ,  thereby  
g iv ing  the  dens i ty  over a narrow tangency range .  
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A, < A, < A ,  

h,= Ray Tangency Height 

To Star J 
F i g .  10. Var ia t ion  of r e f r a c t i o n  angle and r ay  he igh t  f o r  r ays  of d i f f -  
e n t  wavelength inc iden t  upon an o r b i t i n g  s a t e l l i t e  ( c o n s t a n t  Q) . 
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The v a r i a t i o n  of r e f r a c t i o n  angle as a f u n c t i o n  of wavelength of r ays  
i n c i d e n t  upon t h e  o r b i t i n g  s a t e l l i t e  may be obta ined  by an  expansion about 
t h e  po in t ,  ho, f o r  a cons tan t  8 as, 

neg lec t ing  higher  o rde r  terms. 
d e r i v a t i v e  (dR,)/(dk)/, i s  a de r iva t ive  of i m p l i c i t  func t ions  and can be 
expressed as 

Since Rs = f ( k , h ) ,  and Q = g(k ,h) ,  t h e  

and f o r  an  i so thermal  atmosphere t h i s  can be expressed a n a l y t i c a l l y  as 

r k o  

Therefore ,  by s u b s t i t u t i n g  E q s .  ( 3 )  and (8)  i n t o  E q .  ( 6 )  the  amount of d i s -  
pe r s ion  can be measured i n  terms of the v a r i a t i o n  of r e f r a c t i o n  angle  as a 
f u n c t i o n  of wavelength. 
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To examine the cha rac t e r  of t h e  r a d i a t i o n  coming through t h e  atmosphere, 
one must determine t h e  d i s t r i b u t i o n  of energy over  t he  image formed by d i f f e r e n t i a l ’  
r e f r a c t i o n .  The energy d i s t r i b u t i o n  can be determined by examining t h e  s t e l l a r  
r a d i a t i o n  c h a r a c t e r i s t i c s  and the  var ious  e x t i n c t i o n  processes  a s  a func t ion  of 
wavelength and r e l a t i n g  the  energy a t  a given wavelength t o  t h e  r e f r a c t i o n  angle  
a t  t h a t  wavelength, thereby  g iv ing  the  image which would be formed by an i d e a l  
sensor  l o c a t e d  on an o r b i t i n g  s a t e l l i t e .  The output  c h a r a c t e r i s t i c s  of an non- 
i d e a l  phototube w i l l  be examined l a t e r .  Since t h e  e x t i n c t i o n  processes  a r e  
d i f f e r e n t i a l  r e f r a c t i o n ,  molecular s c a t t e r i n g ,  and ozone absorp t ion ,  and the  
i n t e n s i t y  of  incoming r a d i a t i o n  i s  dependent upon t h e  type  of s t a r  be ing  considered 
~ n d  i t s  v i s u a l  magnitude, each e f f e c t  w i l l  be  examined s e p a r a t e l y  and then  com- 
bined t o  give t h e  i n t e g r a t e d  e f f e c t .  

From t h e  geometry shown i n  F i g .  11, t h e  i n t e n s i t y  r educ t ion  of s t e l l a r  r a d i -  
a t i o n  due t o  d i f f e r e n t i a l  r e f r a c t i o n  can be expressed as 

where D = rs s i n  8 ( a s  seen  from Figure  9) 

RS DRS N 

( 1 - D  - n ) - 1.0; - n << 1.; r = re . 
I 1 

For an  i so thermal  atmosphere, t h e  i n t e n s i t y  r educ t ion  due t o  d i f f e r e n t i a l  r e -  
f r a c t i o n  can be expressed a s  

An expansion similar t o  t h a t  used f o r  t h e  r e f r a c t i o n  acgle  may be obtained 
f o r  t h e  i n t e n s i t y  reduct ion  due t o  d i f f e r e n t i a l  r e f r a c t i o n  a s  a f u n c t i o n  of t h e  
wavelength and i s  

Likewise, s i n c e  JI = h ( k , h )  and 8 = g(k ,h ) ,  t he  d e r i v a t i v e  aga in  involves  i m p l i c i t  
func t ions  and can be represented  a s  
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Fig. 11. I n t e n s i t y  reduct ion  due t o  d i f f e r e n t i a l  r e f r a c t i o n .  
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For an isothermal  atmosphere the  d e r i v a t i v e  i s  

Now, by s u b s t i t u t i n g  E q s .  (10) and (13) i n t o  Eq.  (ll), t h e  i n t e n s i t y  r educ t ion  
due t o  d i f f e r e n t i a l  r e f r a c t i o n  can be determined as a func t ion  of wavelength 
f o r  a given tangent  r a y  h e i g h t .  

The i n t e n s i t y  r educ t ion  due t o  molecular s c a t t e r i n g  depends upon the  
s c a t t e r i n g  c o e f f i c i e n t  and r ay  p a t h  through t h e  atmosphere and can be expressed 
as 

where ds = element of pa th  through t h e  atmosphere, 
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3 

E = s c a t t e r i n g  c o e f f i c i e n t  [x (p. - lg, 
3nh4 

n = par t ic les /cm3 . 

Since the  beam c o n s i s t s  of many rays which must pass through a po in t  a t  
t he  s a t e l l i t e ,  rays  of d i f f e r e n t  wavelength t r a v e l  a t  d i f f e r e n t  tangent  ray  
he ights  wi th in  the  atmosphere, v i z . ,  above ho f o r  h < A,, and below ho f o r  
A > A,. Therefore,  when consider ing the  i n t e n s i t y  reduct ion  due t o  molecular 
s c a t t e r i n g  care  must be taken t o  insure t h a t  t h e  proper r ay  path i s  used when 
eva lua t ing  the  i n t e g r a l  i n  E q .  ( 1 4 ) .  
l eng th  A can be determined by 

The tangent  he ight  f o r  a r ay  o f  wave- 

where ho = t angent  r ay  he ight  of a r ay  having a wavelength A,. Ah may be 
obta ined  by so lv ing  the  Taylor  s e r i e s  expansion i n  two- v a r i a b l e s  

Ak Ah+... . b2R S 
bR bR 

Rs(k,h) = R (k,,h,) + 2I:k + 21 Ah + - 
ak bh k akah 

(16) 

Neglect ing h igher  o rde r  terms and solving,  

a",l 
a h  k 

Since Rs( k,h) can a l s o  be expressed by E q .  (6), 

Ah 

bh 
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For an  isothermal  atmosphere the  change i n  he ight  may be expressed as 

Ah 

I- I-=? 'OPO 1 
1 

" I - drs2- [rs(kopo +1)12' 
> Ak. (19) 

Since nm = p and, u s ing  t h e  Dale and Gladstone Law, kp = p-1, E q .  ( 1 4 )  may 
be w r i t t e n  as 

W 

[-] s= exp.  [ -  k2 m l p d s ]  . 
3A4 --03 

The i n t e g r a l  f o r  a n  i so thermal  atmosphere can be approximated by neg lec t -  
i n g  curvature  e f f e c t s  due t o  r e f r a c t i o n  and 

where r1 = re+ h l  , 
-h1/H p 1  = dens i ty  a t  hl = %e 

Therefore ,  t he  i n t e n s i t y  r educ t ion  due t o  molecular s c a t t e r i n g  may be expressed 
by 

m P b ( 2 r l  + H)  , j z e  - h i  /H ] pq, = e -  [p2 
I o  
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F i n a l l y ,  by r ep lac ing  

m = 4.808 X 10-26/kg molecule of a i r ,  

h = height  (km), 

H = s c a l e  he ight  ( k m ) ,  

A = wavelength (microns) ,  

An a .na ly t ica1  func t ion  which c l o s e l y  approximates t h e  ozone dens i ty  d i s t r i b u t i o n  
over  t h e  a l t i t u d e  range of i n t e r e s t  i s  given i n  Ref. 2 by 

% = dens i ty  of  i so thermal  atmosphere a t  ground l e v e l  ( kg /m 3 ), 

E q .  ( 2 2 )  may be w r i t t e n  as 

2 

[y]; exp 
. 4.808 (221.051 + 3 1 66 ) . 

3A4 A 2  

The i n t e n s i t y  r educ t ion  due t o  ozone absorp t ion  depends upon t h e  v e r t i c a l  
d i s t r i b u t i o n  of  ozone w i t h i n  t h e  atmosphere, which v a r i e s  w i th  t ime.  However, 
by us ing  t h e  s tandard  d e n s i t y  d i s t r i b u t i o n  f o r  ozone, as proposed by A l t s h u l e r  
f o r  uniform l a y e r s  around the  e a r t h  (shown i n  F i g .  l?), one can determine the  
e f f e c t  of ozone absorp t ion  f o r  a graz ing  r a y .  The i n t e n s i t y  r educ t ion  due t o  
ozone absorp t ion  can be expressed by 

r m  i 



where %, yp, and h a r e  ad jus t ed  cons tan ts  used t o  f i t  t h e  p a r t i c u l a r  ozone 
d i s t r i b u t i o n  under cons ide ra t ion .  With t h i s  ozone d e n s i t y  d i s t r i b u t i o n ,  one 
can now i n t e g r a t e  a long  a graz ing  ray pa th  i n  o r d e r  t o  determine the  mass of 
ozone corresponding t o  a pa th  having a tangent  r ay  he ight  of hl. 
can be represented  by 

The i n t e g r a l  

Using a l i n e a r  i n t e r p o l a t i o n  f o r  dens i ty  va lues ,  

The i n t e g r a l  can be expressed as 

l e t t i n g  

then,  

3 
M, 

3 
k 

W 2c 
i=o 

W 2 c  
i = o  

Ji+l ri 

L;pi Si+' 'i 
r d r  \lm 

I 

+ 

Evalua t ing  the  i n t e g r a l s ,  t he  ozone mass f o r  a g raz ing  r ay  having a tangent  
he ight  hl i s  expressed as 



r [% JT-; 2 

i+l 2 
+ P i  

The s t e l l a r  r ad ia t ion  i n t e n s i t y  Io (A,T)  i s  a func t ion  of the  s t e l l a r  type 
and the  s t a r ’ s  magnitude, Mv. 
obtained by assuming t h a t  the  s t a r  r ad ia t e s  a s  a black body a t  an e f f e c t i v e  
temperature which depends upon the  s t e l l a r  type ( i . e  ., Type G-0, 595OoK). 
curve r e l a t i n g  the  e f f e c t i v e  r ad ia t ing  temperature t o  the  s t e l l a r  type f o r  
s t a r s  on the  main sequence i s  shown i n  F ig .  12 .  The magnitude of the  r ad ia t ion  
above the  atmosphere can be r e l a t e d  t o  the  v i s u a l  magnitude by the  fol lowing 
expression a s  given i n  Allen’: 

The energy d i s t r i b u t i o n  per  wavelength can be 

A 

-( 0.921 Mv + 19.3875) 
I 0 = e  (-) ’ 

where M, = v i s u a l  magnitude of the  s t a r  a t  a wavelength A, = 0.55 .  
of the  energy can now be expressed i n  watts/cm2 - p a s  a func t ion  of wavelength, 
and e f f e c t i v e  r a d i a t i n g  temperature by 

The magnitude 

. , 

1.438 
A .T. .10-4 

Io(A,T)  = e . -  Ao5 ( -  e -1 

( e -  1.438 -1 

-(0.921 Mv + 19.3875) 

A, T io-* 

where A. = 0.55, A = wavelength of ray considered, and T = e f f e c t i v e  r a d i a t -  
i ng  temperature (OK). 
of the  s a t e l l i t e  can now be expressed a s  

The energy i n  watts/cm2-.F received a t  the  o p t i c a l  system 
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Fig. 12. Effective black body radiating temperature as a function of 
stellar type. 
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To determine t h e  output  of a t y p i c a l  photocathode, the  m a t e r i a l  cha rac t e r -  
i s t i c s  of t h e  photocathode must also be i n t e g r a t e d  i n t o  the  a n a l y s i s .  The 
s p e c t r a l  response of s e v e r a l  photocathodes i s  shown i n  F i g .  13 as a f u n c t i o n  
of wavelength. Therefore ,  the  output of t he  photocathode i n  mill iamps /cm2-p 
can be expressed by mul t ip ly ing  t h e  i n t e n s i t y  r educ t ion  f a c t o r s  by the  photo- 
cathode and s t a r  c h a r a c t e r i s t i c s  t o  y i e l d  

_ -  'E - Io (A ,T)  . $ ( A ) .  
0 

'A 
3 

(34) 

where P = photocathode c h a r a c t e r i s t i c  ob ta ined  from F i g .  13 (mil l iamps/wat t )  . 

The t o t a l  energy output  o f  t h e  photocathode expressed i n  milliamps/cm2 i s  
obta ined  by i n t e g r a t i n g  Eq .( 34) over a l l  wavelengths t o  y i e l d  

co 

E = I E d A  . 
0 

(35) 

However, s i n c e  it i s  the  energy d i s t r i b u t i o n  w i t h i n  t h e  image t h a t  i s  of concern, 
one must o b t a i n  t h e  energy d i s t r i b u t i o n  as a func t ion  of the  d i f f e r e n c e  i n  r e -  
f r a c t i o n  angle  from Rs( A,) : 

Therefore ,  
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. and t h e  t o t a l  energy i s  aga in  t h e  i n t e g r a l  over  a l l  r e f r a c t i o n  angle  d i f f e rences :  

03 03 

The cen te r  of g r a v i t y  of the  photocathode image i s  important s i n c e  it w i l l  
be used t o  determine t h e  r e f r a c t i o n  angle of t h e  s t a r .  Thus, once t h e  c e n t e r  
of g r a v i t y  i s  loca ted ,  i t s  wavelength can be used t o  determine the  t angen t  r ay  
he ight  a t  which t h e  d e n s i t y  i s  determined from the  inve r s ion  process .  The c e n t e r  
of g r a v i t y  can be determined from 

03 

aE AR, - - d ( A R s )  
- ~ A R ,  
AR, = 

03 
( 3 9 )  

[ -& d (OR,)  
-a, aARs 

The c e n t e r  of g r a v i t y  of t he  image i s  a f u n c t i o n  of tangent  ray  he ight ,  
and w i l l  most l i k e l y  s h i f t  i n  pos i t i on  a s  t he  s t a r  o c c u l t s .  

hO, 

The r e f r a c t i o n  angle  corresponding t o  t h e  c e n t e r  of g r a v i t y  i s  t h e r e f o r e  

- - 
R, = R s ( k o )  + AR, 

Also,  

- 
Therefore ,  Ak may be expressed i n  two ways by 

Ak = 
3% 1 

- -6 1 1 
and Ak = 1.6636 X 10 ( - - 7)- 

x2 ho 

The wavelength of t he  c e n t e r  of g rav i ty  may be determi 
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(42) 

(43) 



Ao2 ak 
1.6636 x 10-6 

(44) 

The t angen t  ray  he ight  of t h i s  wavelength w i l l  d i f f e r  from t h e  tangent  r ay  
he ight  of t h e  base ray  ho by 

- 
Ah = 

- 
Ak . 

(45) 

The tangent  r ay  he ight  corresponding t o  the  image c e n t e r  of g r a v i t y  a t  wave- 
l e n g t h  5; i s  

If t h e  c h a r a c t e r i s t i c s  of a s t a r  having a v i s u a l  magnitude of + 1.0 and 
the  photocathode c h a r a c t e r i s t i c s  a r e  i n t e g r a t e d  over  t he  wavelength band under 
cons idera t ion ,  the r e s u l t s  can be a r b i t r a r i l y  def ined  a s  a photocathode magnitude 
of + 1.0 .  I n  t h i s  manner a decrease of photocathode magnitude as t h e  s t a r  i s  
be ing  occul ted  can be expressed by 

where 

M1 = i n i t i a l  photocathode magnitude above t h e  atmosphere, 

P = photocathode c h a r a c t e r i s t i c s ,  

& = photocathode magnitude a t  a given he igh t  viewed through 
the atmosphere. 
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. The photocathode magnitude i s  a func t ion  of t he  tangent  r ay  he ight  as the  s t a r  
sets  i n  the  atmosphere, and it gives  a measure of  t h e  e f f e c t  of o v e r a l l  e x t i n c t i o n  
processes  a t  va r ious  t angen t  r ay  he ights .  

Resul t s  

The a n a l y s i s  was performed on an i so thermal  atmosphere having a s c a l e  height ,  
H,of 6.406 km, and a d e n s i t y  a t  10 km equal  t o  t h e  s tandard  atmospheric d e n s i t y  
a t  10 km. Other parameters 
used a r e  

Th i s  y ie lded  a ground l e v e l  d e n s i t y  of  1.99 kg/m3. 

r a d i u s  of  t h e  e a r t h ,  ( r e )  - 6371 km 

r ad ius  of t he  o r b i t i n g  s a t e l l i t e ,  ( r s )  - 7471 km 

base  wavelength, (A,) - 0.7 IJ 

t angent  ray  he ights ,  ( h o )  - 5, 10, . . ., 40 km 

s t a r  v i s u a l  magnitude, (M,) - +1.0 a t  A, = 0.55 

s t a r  type - Go 

s t a r  e f f e c t i v e  b l ack  body temperature - 5950OK 

S-20 and S-1 photocathodes - 

The ozone absorp t ion  c o e f f i c i e n t  i s  shown i n  F i g .  14 as a func t ion  of 
wavelength, and the  assumed atmospheric ozone d i s t r i b u t i o n  i s  shown i n  F i g .  
15. With these  parameters,  t he  e f f e c t  of d i f f e r e n t i a l  r e f r a c t i o n  on t h e  
r a d i a t i o n  i n t e n s i t y  r educ t ion  i s  shown i n  F i g .  16.  The i n t e n s i t y  r educ t ion  
due t o  molecular s c a t t e r i n g  w i t h i n  the atmosphere i s  shown i n  F i g .  17 f o r  
t h e  va r ious  wavelengths.  The i n t e n s i t y  reduct ion  due t o  ozone absorp t ion  f o r  
t h e  assumed ozone d i s t r i b u t i o n  wi th in  the  atmosphere, and ca l cu la t ed  f o r  a 
g raz ing  ray  a t  t angent  r ay  he ight  ho, i s  shown i n  F i g .  18 f o r  var ious  wave- 
l e n g t h s  

The a n a l y s i s  was conducted f o r  two phototubes,  the  S-20 and the  S-1, 
b o t h  of which seemed promising f o r  the des i r ed  a p p l i c a t i o n .  The S-20 appears  
a t t r a c t i v e  due t o  t h e  l a r g e  output  obtained over  t he  wavelengths from 0.3 t o  
0.8 microns, whereas the  S-1, although having a smal le r  output ,  covered t h e  
l a r g e r  range of wavelengths from 0.3 t o  1.1 microns.  The images on t h e  photo- 
cathode a r e  shown i n  F i g .  19-21 f o r  the  s-20 a t  var ious  tangent  ray  he ights ,  
and i n  F i g .  22-25 f o r  t h e  S-1. The ana lys i s  covered a l l  wavelengths; however, 
it appears  t o  be d e s i r a b l e  t o  r e s t r i c t  t he  wavelength band i n  o rde r  t o  o b t a i n  
a sha rpe r  image and l o c a t e  the  center  of  g r a v i t y  near  t h e  midpoint of t h e  c e n t r a l  
image. This  a p p l i e s  e s p e c i a l l y  t o  the image on the  S-1 photocathode, where a 
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low output  i s  spread over the  s h o r t e r  wavelengths having l a r g e r  r e f r a c t i o n  
angles ,  and a l a rge  output  i s  obtained over t he  l a r g e r  wavelengths where the  
r e f r a c t i o n  angle i s  smal le r .  This  s h i f t s  t h e  c e n t e r  of g r a v i t y  of t h e  image 
away f'rom t h e  peak region,  as shown i n  t h e  F i g s .  22-25, and it may be d e s i r a b l e  
t o  r e s t r i c t  t h e  waveband i n  order  t o  cen te r  the  cen te r  of g r a v i t y  i n  t h e  peaked 
reg ion  . 

The cen te r s  of g r a v i t y  of t h e  images obta ined  a t  var ious  tangent  r ay  
he ights  tend t o  s h i f t  a s  t h e  s t a r  i s  occu l t ed .  
t h e  cen te r  of g rav i ty  f o r  the  S-20 photocathode where an o v e r a l l  s h i f t  of 2.33 
arc-seconds occurs,  and a l s o  shows the  corresponding s h i f t  f o r  t he  S-1 photo- 
cathode; however, s ince  it opera tes  more i n  the  red  end of  t h e  spectrum it 
s h i f t s  only 1 .74  arc-seconds.  
i n i t i a l l y  small, s ince  t h e  atmosphere i s  t h i n  a t  high a l t i t u d e s  and l i t t l e  
d i f f e r e n t i a l  r e f r a c t i o n  occur s .  A s  t h e  tangency po in t  of the  graz ing  ray  
decreases ,  d i f f e r e n t i a l  r e f r a c t i o n  causes the  c e n t e r  of g r a v i t y  t o  s h i f t  t o  t he  
b lue  end of t he  spectrum. However, a t  about 20 km, s c a t t e r i n g  and ozone 
absorp t ion  p lay  an important p a r t  i n  t he  energy d i s t r i b u t i o n  and s h i f t  t he  
cen te r  of g rav i ty  back t o  the  red  end of t he  spectrum. The s h i f t  i n  t h e  
cen te r  of g rav i ty  i s  much l e s s  f o r  t he  S-1 photosensor ,  s ince  it responds 
mainly i n  the  red and s c a t t e r i n g  i s  not  a s  i n f l u e n t i a l .  

Figure 26 shows t h e  s h i f t  i n  

Figure 26 shows t h a t  the  c e n t e r  of g r a v i t y  s h i f t  i s  

Figure 27 gives t h e  decrease i n  photocathode magnitude wi th  tangent  r ay  
he ight  from a n  a r b i t r a r i l y  ass igned i n i t i a l  value of + 1.0, corresponding t o  
a s t a r  wi th  v i s u a l  magnitude +1.0. Since the  S-1 has g r e a t e r  response a t  
longer  wavelengths, and the  e x t i n c t i o n  processes  a r e  not  as pronounced, t he  
S-1 s u f f e r s  l e s s  magnitude change than  the  S-20 a s  t h e  s t a r  s e t s .  

The energy output  of the  two photocathodes i n  milliamps/cm2 of  su r face  
i s  shown i n  F i g .  2 8 *  
by the  g r e a t e r  change i n  photocathode magnitude dur ing  a scan .  Thus, between 
tangent  ray  heights  of 40 km and 5 km, t he  S-20 undergoes a change of about 
t h r e e  o rde r s  of magnitude, whereas the  S-1 changes two o rde r s  of magnitude. 
I n  view of t hese  photocathode c h a r a c t e r i s t i c s ,  o t h e r  f a c t o r s  must a l s o  be 
considered before  a f i n a l  s e l e c t i o n  of t h e  photocathode can be made. The 
image energy d i s t r i b u t i o n  curves given i n  F i g s .  19-21 f o r  t h e  S-20, and i n  
F i g s .  22-25 f o r  the  S-1, along wi th  the  s h i f t  of t h e  image c e n t e r  of g r a v i t y  
i n  F i g .  26, and the decrease i n  photocathode magnitude dur ing  o c c u l t a t i o n  i n  
F i g .  27, summarize the  parameters which def ine  t h e  image c h a r a c t e r i s t i c s  
necessary i n  the  des ign  of a s u i t a b l e  s t a r - t r a c k e r  

The l a r g e r  ou tput  of t h e  S-20 senso r  i s  p a r t i a l l y  o f f s e t  

B. ANALYTIC MODEL ATMOSPHEX3 

Using t h e  geometry Of t h e  r e f r a c t e d  ray  shown i n  F i g .  9 ,  an image a n a l y s i s  
can be performed on an a r b i t r a r y  model atmosphere.  
dens i ty  func t ion  be Smooth; t h e r e f o r e  the  atmosphere de f ined  i n  Ref. 10 was 
chosen. The exact  choice Of a model was q u i t e  unimportant ,  a s  may be seen  by 

It was d e s i r e d  t h a t  t he  
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comparing these  r e s u l t s  w i th  those f o r  t h e  isothermal  atmosphere. 
e x t i n c t i o n  f a c t o r s  a r e  aga in  used, namely, d i f f e r e n t i a l  r e f r a c t i o n ,  molecular 
s c a t t e r i n g ,  and ozone absorp t ion .  
ob ta ined  f o r  the var ious  e x t i n c t i o n  f a c t o r s  i n  t h e  model atmosphere, an IBM 
7090 computer was used t o  eva lua te  these  f a c t o r s  numerical ly .  

The same 

Since a n a l y t i c a l  express ions  cannot be 

The r e f r a c t i o n  angle  of a graz ing  r ay  pass ing  through t h e  model atmos- 
phere t o  an o r b i t i n g  s a t e l l ' t e  can be expressed i n  t h e  fo l lowing  manner, as 
shown i n  Hays and Fischbach : 

8 

where 

p = index of r e f r a c t i o n  r e l a t e d  t o  t h e  d e n s i t y  by t h e  Dale and 
9 Gladstone Law , 

r = re + h .  

From Ref. 8, the exac t  i nve r s ion  i n  so lv ing  f o r  t h e  d e n s i t y  p r o f i l e ,  given t h e  
measured r e f r a c t i o n  angles ,  i s  

The angle  Q a s  obtained from the  geometry i n  F i g .  9 i s  

where po = dens i ty  a t  t angent  r ay  he ight  ho i n  t h e  model atmosphere 
(kg/m3) 3 

rs = radius  of s a t e l l i t e  o r b i t  (km).  

A s  i n  t he  case of t he  i so thermal  atmosphere, t he  v a r i a t i o n  of t h e  r e -  
f r a c t i o n  angle  as  a func t ion  of wavelength of  r ays  i n c i d e n t  upon t h e  o r b i t i n g  
s a t e l l i t e  may be obtained by an expansion about  t h e  p o i n t  ho, f o r  a cons tan t  0, 
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? 
a R S  

Rs(k,h) = Rs(k,,ho) + -1 Ak + ... 
a k  6 

neg lec t ing  higher  o rde r  terms.  Again the  d e r i v a t i v e  

and f o r  t h e  model atmosphere t h i s  can be expressed as 

The d e r i v a t i v e s  were obtained numerically by e v a l u a t i n g  t h e  r e f r a c t i o n  i n t e g r a l ,  
Eq. (48), on an  IBM 7090 computer f o r  the  var ious  va lues  requi red  f o r  t he  
d e r i v a t i v e .  Therefore,  by s u b s t i t u t i n g  Eqs. (48) and ( 5 0 )  i n t o  Eq. ( 7 ) ,  t he  
amount of d i s p e r s i o n  can be measured i n  terms of t h e  v a r i a t i o n  of r e f r a c t i o n  
angle  as a func t ion  of wavelength. 

The i n t e n s i t y  r educ t ion  due t o  d i f f e r e n t i a l  r e f r a c t i o n  i s  def ined  a s  i n  Eq. ( 9 ) :  

T 1 
I - _  I - $ =  

IO R 7 

S 
a R  

( 1 - D  -)( 1 - D  $) 

(9) 

a h  I 

and f o r  
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Then 

1 $ Z  

( 1 - D  aRS -) 
a h  

Again by expanding $ about ho f o r  constant  angle 0, the  i n t e n s i t y  reduct ion  
a s  a func t ion  of wavelength can be expressed as 

and I 

For t h e  model atmosphere t h i s  de r iva t ive  i s  

The i n t e n s i t y  reduct ion due t o  d i f f e r e n t i a l  r e f r a c t i o n  can be determined as a 
func t ion  of wavelength f o r  a given tangent  ray height  by s u b s t i t u t i n g  Eqs. 
(51) and (52)  in to  E q .  (11). 

The i n t e n s i t y  reduct ion due t o  molecular s c a t t e r i n g  can aga in  be expressed 
The tangent  ray  height  a t  which as shown i n  Eq. (14 )  f o r  the  model atmosphere 

a ray  of given wavelength passes  through the  atmosphere can be obtained as 
shown i n  Eqs.  (l?), (16), (17) and (18) f o r  t he  i so thermal  atmosphere. 
(18), t he  change i n  height  f o r  8. ray of given wavelength f o r  the  model atmos- 
phere, i s  

Equation 

Ak . ( 5 3 )  
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1 

I 

Now t h e  i n t e n s i t y  reduct ion  due t o  s c a t t e r i n g  i s  

The i n t e g r a l  f o r  t he  model atmosphere can be approximated by neg lec t ing  the  
curva ture  e f f e c t s  due t o  r e f r a c t i o n  and 

03 03 

(54) 

I n t e r p o l a t i n g  between d a t a  poin ts  i n  t h e  model atmosphere, t he  d e n s i t y  
can be expressed a s  

( 5 5 )  

i n  t he  range 

ri 5 r 5 ri+l . 

Let 

and 

Then, 

7 = r - r i  . ( 5 7 )  

By neg lec t ing  7 i n  the  numerator (q+ri) ,  s ince  r i  >> 7, and by neg lec t ing  
7 i n  d m  , s ince  ri+ro>> 7 ,  E q .  ( 5 8 )  can be w r i t t e n  as 



The i n t e g r a l  i s  of t h e  type 

= 2 e  e du - 
0 

1 

L "O LI 
0 

with  

Therefore ,  t he  i n t e g r a l s  can be eva lua ted  i n  terms of the  e r r o r  func t ion ,  and 
t h e  i n t e g r a t e d  mass can be expressed as 

For numerical eva lua t ion ,  Eq .  
< 3 .0 .  For x > 3.0 the  asymptotic 

-x2 I-- 

(61)  can be used when x, of e r f  ( x ) ,  i s  
expansion of e r f c ( x )  i s  used 

With t h i s  expansion, t he  e v a l u a t i o n  of t h i s  i n t e g r a t e d  mass i s  
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The i n t e n s i t y  r educ t ion  due t o  molecular s c a t t e r i n g  can now be eva lua ted  by 

The i n t e n s i t y  reduct ion  due t o  ozone is obtained i n  t h e  same manner as i n  
Sec t ion  I11 A .  Again t h e  s t anda rd  ozone dens i ty  d i s t r i b u t i o n  i s  used and 
assumed t o  l i e  i n  uniform s p h e r i c a l  l a y e r s  around t h e  e a r t h .  The ozone 
i n t e n s i t y  reduct ion  can be expressed a s  

where [%3] hl i s  obta ined  from Eq. (30) .  

The s t e l l a r  r a d i a t i o n  energy reaching t h e  t o p  of t h e  e a r t h ' s  atmosphere 
can be represented  by Eqs.  (31) and ( 3 2 ) .  
o p t i c a l  system of t h e  s a t e l l i t e  can now be expressed by Eq. (33). 
d i s t r i b u t i o n  of t h e  image as a func t ion  of wavelength and a l s o  r e f r a c t i o n  
angles  can be obta ined  i n  t h e  manner given by Eqs. (34) through (37) .  
(38) r e p r e s e n t s  t h e  t o t a l  energy over a l l  wavelengths, while Eq. (39) r ep re -  
s e n t s  t h e  image cen te r  of grav i ty ,  and Eq. (47)  gives  t h e  o v e r a l l  magnitude 
change as t h e  s t a r  s e t s  w i th in  the  atmosphere. 

The t o t a l  energy rece ived  a t  t he  
The energy 

Equat ion 

Since t h e  s t a r  image i s  dispersed over  a band of r e f r a c t i o n  angles  depend- 
i n g  upon the  wavelength considered, each r a y  w i l l  a l s o  have a p a r t i c u l a r  
t angen t  r ay  he ight  hl corresponding t o  t h a t  wavelength. 
system used w i l l  most l i k e l y  read the r e f r a c t i o n  angle  corresponding t o  the  
c e n t e r  of g r a v i t y  of t h e  image. One must the re fo re  determine t h e  r e f r a c t i o n  
angle ,  wavelength of t h e  ray  a t  t h e  cen te r  of g rav i ty ,  and t h e  corresponding 
t angen t  r a y  he ight  f o r  a r ay  inc iden t  a t  t he  cen te r  of g r a v i t y  o f  t h e  instrument .  

The o p t i c a l  t r a c k i n g  
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The r e f r a c t i o n  angle  corresponding t o  a r ay  i n c i d e n t  a t  the  image c e n t e r  
of g rav i ty  can be determined by 

and 

R, = Rs(ko) + A Rs 

- aR - 
R, = Rs(ko) + 2l Ak + . . . . 

a k  8 

- 
Ak rep resen t s  the dev ia t ion  of t he  index of r e f r a c t i o n  between t h e  s tandard  r ay  
considered - i n  the expansion, Ao, and t h e  r ay  corresponding t o  t h e  c e n t e r  of 
g rav i ty ,  A - 

Ak = I 

and a l s o  

Therefore ,  the  wavelength of t he  ray  i n c i d e n t  on t h e  c e n t e r  of g r a v i t y  of t h e  
s t e l l a r  image can be determined from 

I 2 
- 
A =  (44) 

The d i f f e rence  i n  he ight  between the  s tandard  r ay  and A. and t h e  c e n t e r  of  
g r a v i t y  r a y  a t  i s  found by 

I - 
Ah = - 

a R S  
- a h  -I k 

kp % +  kp + 1 

{- 1 
- 

The he ight  above the  su r face  corresponding t o  the  r ay  A i s  

- - 
h = ho + A h  , 
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where ho = t angent  ray  he ight  corresponding t o  t h e  s tandard  r ay  a t  A,. 
(47) i n  Sec t ion  111 A can be used t o  c a l c u l a t e  t h e  decrease  i n  photocathode 
magnitude f o r  var ious  tangent  ray  he ights  i n  the  model atmosphere. 

Equat ion 

Re su l  t s 

The a n a l y s i s  was performed f o r  two sepa ra t e  photocathode m a t e r i a l s :  t he  
S-20,whose c h a r a c t e r i s t i c s  descr ibed  i n  Sec t ion  I11 A, and a Westinghouse e x p e r i -  
mental  S-20, wi th  t h e  s p e c t r a l  response shown i n  F i g .  29. The same parameters 
o u t l i n e d  i n  Sec t ion  I11 A, wi th  the  except ion of dens i ty ,  were used f o r  t he  
a n a l y s i s  of t h e  model atmosphere. Figures  30-32 show the  r e s u l t i n g  photocathode 
images f o r  t h e  var ious  tangent  r ay  he ights  dur ing  o c c u l t a t i o n  on the  Westinghouse 
exper imenta l  S-20. The images f o r  the S-20 used i n  Sec t ion  I11 A a r e  not  pre-  
sen ted ,  b u t  t h e  photocathode magnitude change as a func t ion  of tangent  ray  he igh t  
f o r  b o t h  photocathodes a r e  shown f o r  comparison i n  F i g .  37. 

The photocathode images i n  the  model atmosphere a r e  s i m i l a r  t o  t h e  images 
obta ined  from t h e  i so thermal  atmosphere and d i s p l a y  t h e  c h a r a c t e r i s t i c  s h i f t  
i n  t h e  c e n t e r  of g r a v i t y  as the  tangent  r ay  he ight  dec reases .  This  s h i f t  i n  
t h e  c e n t e r  of' g r a v i t y  i s  shown i n  F ig .  33 f o r  t h e  S-20 and t h e  Westinghouse 
exper imenta l  S-20, and it occurs  f o r  t he  same reason  a s  expla ined  i n  Sec t ion  
I11 A .  

F igu re  34 shows the  s t e l l a r  t ransmiss ion  through t h e  model atmosphere as 
a f u n c t i o n  of t h e  tangent  r a y  he igh t  due t o  d i f f e r e n t i a l  r e f r a c t i o n .  The i n -  
c rease  of s t e l l a r  t ransmiss ion  occurr ing  a t  5 km due t o  d i f f e r e n t i a l  r e f r a c t i o n  
occurs  because of  t h e  na ture  of t he  model atmosphere, where the  sha rp  increase  
i n  t h e  temperature  between 10 km and 5 km even tua l ly  r e s u l t s  i n  a change of t h e  
d e r i v a t i v e s  used i n  Eq. ( 5 2 ) .  These changes a r e  r e f l e c t e d  as a s l i g h t  increase  
i n  t r ansmiss ion  a t  5 km. F igure  35 shows t h e  i n t e n s i t y  r educ t ion  due t o  mole- 
c u l a r  s c a t t e r i n g  as a f u n c t i o n  of tangent  r ay  he ight  and wavelength f o r  t h e  
model atmosphere.  

F igure  36 shows the  he ight  d i f f e rence ,  a t  var ious  tangent  r a y  he ights ,  
between the  base  r a y  a t  A, and r ays  of d i f f e r e n t  wavelength A,  
d i f f e r e n c e  occurs  because t h e  r e f r a c t i o n  angle  a t  any tangent  r ay  he ight  i s  
a f u n c t i o n  of t h e  wavelength. Since a l l  r ays  converge a t  the  s a t e l l i t e ,  t he  
r ays  of  d i f f e r e n t  wavelength have d i f f e r e n t  tangent  r ay  he ights ,  a s  shown i n  
F i g .  10. By r e s t r i c t i n g  the  s p e c t r a l  waveband, c o n t r o l  over t he  tangent  ray 
he igh t  d i f f e r e n c e  and photocathode image spread  may be obtained a 

The he igh t  

F igure  37 shows t h e  decrease i n  photocathode magnitude a s  a f u n c t i o n  of 
tangent  ray  he ight  f o r  bo th  photocathode m a t e r i a l s  The r e s u l t s  ob ta ined  
from t h e  i so thermal  atmosphere ana lys i s  a r e  a l s o  p lo t t ed ;  very c lose  agreement 
between the  two atmospheres occurs  down t o  a tangent  r ay  he ight  of  10 km. 
Departures  i n  photocathode magnitude a re  due t o  the increased  d e n s i t y  i n  the  
lower p a r t  o f  t he  i so thermal  atmosphere, where a su r face  d e n s i t y  of 1.99 



A (microns) 

Fig. 29. Spectral response of the Westinghouse Experimental S-20. 
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kg/m3 i s  used .  
phere may be used t o  a tangent  ray  height  of 10 km, whereas t h e  approach ou t -  
l i n e d  i n  Sec t ion  I11 B should be used i n  d e f i n i n g  the  s t a r  c h a r a c t e r i s t i c s  from 
10 km u n t i l  o c c u l t a t i o n .  

Therefore ,  t he  a n a l y t i c  approach used i n  the  i so thermal  atmos- 
* I 

The image energy d i s t r i b u t i o n  curves f o r  t h e  Westinghouse experimental  S-20 
given i n  F i g s .  30-32, and the  corresponding image cen te r  of g r a v i t y  s h i f t  i n  
F i g .  33, and photocathode magnitude decreases  i n  F i g .  37 aga in  summarizes the  
important  parameters which def ine  the image c h a r a c t e r i s t i c s  t o  be used i n  t h e  
design of a s t a r - t r a c k e r .  
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I V .  AN ANALYSIS OF BACKGROUND NOISE 

The background noise  c o n s i s t s  e s s e n t i a l l y  of  fou r  components: (1) s t e l l a r  
r a d i a t i o n  and g a l a c t i c  l i g h t ,  ( 2 )  zod iaca l  l i g h t ,  ( 3 )  airglow emissions,  and 
( 4 )  a u r o r a l  emissions.  

The amount of  g a l a c t i c  and zod iaca l  l i g h t  appearing i n  t h e  background w i l l  
be  v a r i a b l e ,  depending upon the  d i r e c t i o n  of observa t ion .  Ga lac t i c  s t a r l i g h t  
w i l l  be b r i g h t e s t  i n  t h e  plane of t he  Milky Way, whereas zod iaca l  l i g h t  i s  
b r i g h t e s t  i n  t h e  plane of the  e c l i p t i c .  The aurora  and airglow emissions,  on 
t h e  o t h e r  hand, can vary with time a s  w e l l  as wi th  the  d i r e c t i o n  of observa t ion ,  
and a l a r g e  range o f  i n t e n s i t y  v a r i a t i o n s  may be expected.  Each component of 
t he  background noise  w i l l  now be examined s e p a r a t e l y  i n  o rde r  t o  a r r i v e  a t  a 
s p e c t r a l  energy d i s t r i b u t i o n  i n  the  s p e c t r a l  r eg ion  of expected photocathode 
opera t ion ,  0.3-0.975 microns.  

I n  t h e  design of the  s t a r - t r a c k e r ,  one of t he  necessary parameters t o  be 
determined i s  the expected range of t h e  s igna l - to -no i se  r a t i o .  A t  t he  lower 
l i m i t ,  a s h o r t  t i m e  a f t e r  sunse t  when most of t he  background i s  s c a t t e r e d  sun- 
l i g h t ,  s igna l - to -no i se  r a t i o s  of u n i t y  o r  l e s s  can be expected.  Since t h e  
expected s i g n a l  s t r e n g t h  has a l r eady  been determined i n  a previous sec t ion ,  
the  upper l i m i t  o f  t h e  s igna l - to -no i se  r a t i o  i s  obta ined  when t h e  c o n t r i b u t i o n s  
due t o  each background noise  component a r e  minimum. For g a l a c t i c  and zod iaca l  
l i g h t ,  t he  minimum i s  obtained by having t h e  s t a r - t r a c k e r  f i e l d  of view encompass 
the  d a r k e s t  region of t he  g a l a c t i c  sphere .  The minimum c o n t r i b u t i o n s  due t o  
the  airglow and aurora a r e  more d i f f i c u l t  t o  ob ta in ,  due t o  the  l a c k  of obser -  
v a t i o n a l  d a t a  of t h e s e  phenomena a s  seen  from space.  However, wi th  t h e  a i d  
of c e r t a i n  assumptions and ground based z e n i t h  s p e c t r a l  rad iance  measurements, 
one can o b t a i n  some rep resen ta t ive  values  f o r  t h e  airglow and aurora  emissions 
a s  they  would appear a t  an o r b i t i n g  s p a c e c r a f t .  

A .  STELLAR BACKGROUND 

Roach and M e g i d 5  performed c a l c u l a t i o n s  g iv ing  t h e  t o t a l  i n t e g r a t e d  s t a r -  
l i g h t  over t h e  e n t i r e  sky based on the  s t a r  counts  i n  "Groningen" Pub. No. 43. 
The r e s u l t s  a r e  given i n  both  the  photographic and v i s u a l  magnitude s c a l e s  i n  
t a b u l a r  and graphica l  form as  a func t ion  of t h e  g a l a c t i c  coord ina te s .  

Since the  S-20 photocathode ope ra t e s  i n  t h e  v i s i b l e  and nea r - in f r a red ,  we 
had t o  extend t h e  r e s u l t s  of Roach and Megil l  t o  o b t a i n  t h e  s p e c t r a l  energy 
d i s t r i b u t i o n  f rom 0.3 t o  0.973 microns.  I n  o r d e r  t o  o b t a i n  t h e  s p e c t r a l  energy 
d i s t r i b u t i o n  we had t o  assume t h a t  t h e  energy r a d i a t e d  from a given p o r t i o n  
of t h e  sky follows the  b lack  body d i s t r i b u t i o n .  Since t h e  photographic and 
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v i s u a l  magnitude i n t e n s i t i e s  a r e  given by 
a given r eg ion  on t h e  g a l a c t i c  sphere may 

C.I. = 1.086 

Roach and Megill ,  a c o l o r  index of 
be obta ined  from 

where 

A 2  z = number of 1 0 t h  v i s u a l  magnitude s ta rs /min  

z1 = number of 10 th  photographic magnitude s tars /min2 
A 

The e f f e c t i v e  b l ack  body temperature f o r  t h e  reg ion  may now be obtained 
from 

8200. 

C.I. + 0.68 
Te = 

The number of 10th visual magnitude s t a r s / d e z  can be converted t o  a 
s i n g l e  s t a r / d e z  of magnitude: 

( 68) 
1 

m = 10. + 1.086 i n  (E) . 
ZV 

The e f f e c t i v e  i r r a d i a n c e  Io, i n  watts/cm2, i n  the  v i s i b l e  p o r t i o n  of  t h e  
spectrum of  a s t a r  of v i s u a l  magnitude zero  i s ,  according t o  Ramsey 13 , 
3.1 X lO-’3 watts/cm2. Therefore ,  the i r r a d i a n c e  of a s i n g l e  s t a r  of v i s u a l  
magnitude mZv i n  t h e  v i s i b l e  po r t ion  of t he  spectrum i s  

mZv 

(69) I = 3.1 x i o  - l3  e 1.086 

The e f f i c i e n c y  of r a d i a t i o n  of a b l ack  body a t  a temperature Te over t h e  
v i s i b l e  reg ion  i s  g iven  by 

co 

(70) 
J coh(T) dA 

v e ( t >  = 

where q ( T )  = Planck b l ack  body func t ion  a t  wavelength A; s (A)  = f r a c t i o n a l  
response of t h e  eye a t  wavelength A .  

The peak i n t e n s i t y  of t h e  b l ack  body a t  a temperature Te can now be found from 
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U 
0 

I where 
( T )  = maximum value of t h e  Planck func t ion ,  "h max 

(1.290 x i o  -'5T5) 

M 
and watts/,,2 [ U! (T)dh = 5.679 X , 

L 

0 

Since t h e  Planck func t ion  a t  temperature Te can be matched t o  the  peak 
i n t e n s i t y  HA peak, t he  i n t e n s i t y  a t  any wavelength can be obta ined  from 

l 

(73) T 
"t 

-1.086 
1.438 H(A,T) = 2 .Oh21 X e 

(AT)' ( e 7  -1) 
qe(T) 

The t o t a l  i n t e n s i t y  of t he  s p e c t r a l  reg ion  of i n t e r e s t  can be obta ined  by 
I i n t e g r a t i n g  E q .  (73) over t he  region:  
I 

A l a t e r  s e c t i o n  w i l l  show t h a t  t h e  c o n t r i b u t i o n  of s t e l l a r  background, a l though 
4O-5O% of t he  t o t a l  observed i n  the  z e n i t h  from the  ground, w i l l  be n e g l i g i b l e  
when the  horizon is  viewed from the  s p a c e c r a f t  due t o  the  increased  airglow 
background. The airglow background w i l l  appear b r i g h t e r  because of t he  i n -  
creased pa th  l eng th  wi th in  the  a i rg low.  
and e f f e c t i v e  r a d i a t i n g  temperature may vary s l i g h t l y  i n  d i f f e r e n t  po r t ions  of 
t h e  g a l a c t i c  sphere, t h e  e r r o r  i n  the  t o t a l  background made by assuming an  
average r a d i a t i n g  temperature over t he  g a l a c t i c  sphere i s  small .  

Therefore ,  a l though the  c o l o r  index 

The number of 1 0 t h  v i s u a l  m a  n i tude  s t a r s /deg2  given by Roach and Megil l  f can be converted t o  watts/cm2 - min2 over t h e  s p e c t r a l  range 0.3-0.975 microns 
f o r  an average e f f e c t i v e  r a d i a t i n g  temperature  of 5300°K by mul t ip ly ing  t h e  
d a t a  of Roach and Megil l  by 5.2 X lo-*. 



* B.  ZODIACAL LIGHT 

Elvey and Roach5 have ca l cu la t ed  t h e  d i s t r i b u t i o n  of  zod iaca l  l i g h t  of 
t h e  e n t i r e  sky i n  e c l i p t i c  coordinates  and have presented  the  r e s u l t s  graph- 
i c a l l y  as t h e  number of 1 0 t h  photographic magnitude s t a r s /de$ .  
zod iaca l  l i g h t  i s  gene ra l ly  be l ieved  t o  be s u n l i g h t  s c a t t e r e d  by i n t e r p l a n e t a r y  
dus t ,  i t s  s p e c t r a l  energy d i s t r i b u t i o n  i s  t h e  same a s  t h e  energy d i s t r i b u t i o n  
of the  sun .  
of +0.57. 
conversion f a c t o r  can be appl ied  d i r e c t l y  t o  o b t a i n  the  energy r a d i a t e d  between 
the  0.3-0.975 micron r eg ion .  
l i g h t  has the  same b lack  body s p e c t r a l  d i s t r i b u t i o n  as the  sun over  t h e  wave- 
l eng ths  of  i n t e r e s t .  With t h i s  assumption, t he  s p e c t r a l  energy d i s t r i b u t i o n  
may be obta ined  i n  a manner s i m i l a r  t o  t h e  method descr ibed  i n  t h e  S t e l l a r  
Background Sec t ion  by us ing  the  d a t a  presented by Roach. 
i n  number of 1 0 t h  photographic magnitude s t a r s /de$  can be converted t o  a s i n g l e  
s t a r  of photographic magnitude mzp i n  one square degree by 

Since 

The e f f e c t i v e  temperature of t h e  sun i s  6000'~, g iv ing  a co lo r  index 
Because t h e  co lo r  index i s  cons tan t  throughout t h e  e n t i r e  sky, a 

This  i s  based on t h e  assumption t h a t  zod iaca l  

The i n t e n s i t y  given 

1 
mzp = 10 + 1.086 i n  (T) , 

Z 
(75) 

where z 1 = number of 1 0 t h  photographic magnitude s ta rs /min  A 2  

This  corresponds t o  a s i n g l e  s t a r  of v i s u a l  magnitude 

The v i s u a l  e f f i c i e n c y  ve(T) f o r  a b l ack  body r a d i a t i n g  a t  6000'~ i s  
0.128; t h e r e f o r e  the  s p e c t r a l  energy d i s t r i b u t i o n  can be approximated by 

mZv 
-9 - __ 

? (77) 
9.572 X 10 e 1.086 

( A  * 6 0 0 0 ) ~ ( e  
1.438 
h.6000 - 1) 

H(A) = 

where 
A = wavelength i n  cm 

The i n t e n s i t y  of t he  wavelength reg ion  of S-20 photocathode s e n s i t i v i t y ,  
0.3-0.975 microns, i s  

A 2  
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If Roach's d a t a  g iv ing  the  number of 1 0 t h  photographic magnitude s ta rs /  
de$ a r e  mul t ip l i ed  by 7.8 X 
l i g h t  d a t a  a r e  made c o n s i s t e n t  wi th  t h e  s t e l l a r  background d a t a  i n  t h e  0.3- 
0.975 micron band. 

t o  o b t a i n  watts/cm2 - mfn2, t h e  zod iaca l  

C .  AIRGLOW EMISSION 

The airglow b r igh tness ,  a s  viewed from a n  o r b i t i n g  spacec ra f t ,  w i l l  vary 
wi th  t h e  d i r e c t i o n  of observa t ion  and wi th  t ime.  It i s  impossible t o  cons ider  
a l l  b r igh tness  ranges,  and t h e r e  do not  appear t o  be s u f f i c i e n t  da t a  t o  determine 
an average s p e c t r a l  energy d i s t r i b u t i o n  as a f u n c t i o n  of tangent  ray  he ight ,as  
shown i n  F i g .  38. 
a i rglow reg ion  over t h e  wavelengths of  i n t e r e s t  complicates  the  problem of  a i r -  
glow background a n a l y s i s  cons iderably .  To o b t a i n  an approximate value of t he  
airglow background i n t e n s i t y  f o r  a pre l iminary  s t a r - t r a c k e r  a n a l y s i s ,  one must 
use a number of s impl i fy ing  assumptions.  These assumptions a re :  

I n  add i t ion ,  t h e  numerous emission l i n e s  appear ing  i n  the  

The emissions a t  a l l  wavelengths under cons idera t ion ,  0.3-1 .O microns, 
occur i n  a r e l a t i v e l y  narrow band between 80-120 k m  and have the  same 
d i s t r i b u t i o n  a s  t h e  continuum given i n  Ref. (11) and shown i n  F i g .  39.  

The airglow i s  confined t o  uniform s p h e r i c a l  l a y e r s  around the  e a r t h .  

The s p e c t r a l  energy d i s t r i b u t i o n  observed on the  ground Ig, i s  the  
same as  t h a t  observed i n  space,  except  g r e a t e r  by a geometry f a c t o r  
of I/Ig. 

The average z e n i t h  n igh t  sky s p e c t r a l  d i s t r i b u t i o n  c o n s i s t s  of l i g h t  
due t o  the  fo l lowing  sources:  

( a )  s t a r l i g h t  and g a l a c t i c  l i g h t  50% 

( b )  zod iaca l  l i g h t  10% 

( c )  a i rglow 40% 

( d )  aurora  v a r i a b l e  

Therefore,  40% of a t y p i c a l  n ight  sky s p e c t r a l  energy d i s t r i b u t i o n ,  
a s  shown i n  F i g .  40, and determined by t h e  U .  S .  Army Engineering 
Research and Development Laboratory,  F o r t  Belvoi r ,  V a . ,  w i l l  r ep re -  
s e n t  an airglow continuum as observed from the  ground. 

The continuous d i s t r i b u t i o n  presented inc ludes  l i n e  emissions over 
t he  wavelength reg ions  under cons ide ra t ion .  
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F i g .  38. Airglow l a y e r  a s  seen  from space. 
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Fig .  40. Typica l  n igh t  sky s p e c t r a l  energy d i s t r i b u t i o n .  
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Although t h e  a c t u a l  s p e c t r a l  energy d i s t r i b u t i o n  due t o  t h e  airglow may vary 
from the  assumed d i s t r i b u t i o n ,  t he  dev ia t ions  a r e  not  expected t o  be so l a r g e  
t h a t  t h e  assumed d i s t r i b u t i o n  w i l l  l i e  ou t s ide  t h e  expected i n t e n s i t y  v a r i a t i o n  
band. 

The airglow l a y e r  as observed from space appears  b r i g h t e r  t han  t h e  ground- 
based z e n i t h  airglow because of t h e  geometry involved, as shown i n  F i g .  38. 
The i n t e n s i t y  w i l l ,  t he re fo re ,  be a func t ion  of  t h e  angle ,  a .  If the  airglow 
emission r a t e  of t h e  continuum i s  kn:wn as a f u n c t i o n  of t h e  he ight  above the  
e a r t h ' s  su r f ace ,  F ( r ) ,  i n  Rayleighs/A-km, the  i n t e n s i t y  of t h e  airglow l a y e r  
a s  seen from space may he c a l c u l a t e d .  
s i t u a t i o n ,  and the t o t a l  number of photons emi t ted  a t  a d i s t ance  r t o  r + d r  
and in t e rcep ted  by the  photometer i s ,  

Figure 41 shows t h e  geometry of  t h e  

2 
r Q F v ( r ) d r  , A 

4Jrr2 
(79) 

where A = photometer s e n s i t i v e  a rea ,  Q = photometer f i e l d  of view, and 
r = dis tance  of photometer t o  the  element.  

The s p e c i f i c  photonflux e n t e r i n g  the  photometer i s  

The s p e c i f i c  i n t e n s i t y  i s  now 

It can a l s z  be expressed i n  terms of  emissions from a column, i n  u n i t s  of 
Rayle ighs /A,  as 

Th i s  i n t e g r a l  was eva lua ted  f o r  var ious  n a d i r  angles  i n  the  i n t e r v a l  of 
tangent  ray  heights  corresponding a t  one l i m i t  t o  zero,  and a t  t h e  o t h e r  l i m i t  
t o  120 km, t h e  top of t he  a i rg low l a y e r .  The i n t e n s i t y  I ( a )  of t h e  continuum 
emission i s  shown i n  F i g .  42 as a func t ion  o f  a and Seen from a s a t e l l i t e  a t  
1100 km. The r a t i o  of t he  i n t e n s i t y  as seen from space t o  t h e  i n t e n s i t y  a s  
seen from the  ground, I/Ig, i s  shown i n  F i g .  43 f o r  a s a t e l l i t e  a t  1100 km. 
One can now determine the  f l u x  e n t e r i n g  a photometer from the  airglow background 
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Ai rg low 

A'  = r2a 

. . .  

F ( r 1 = distribution of rate of emission ( - 1  photons/cm3 sec 

A = photometer sensitive area k m 2 )  
= photometer field of view ( steradians 1 

Fig. 41. Geometry o f  airglow emission. 
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a t  a given nad i r  angle ,  a, by spec i fy ing  t h e  photocathode area and i n t e g r a t i n g  
the  airglow i n t e n s i t y  over  t he  photometric f i e l d  of view. 

D.  AURORAL EMISSION 

Although the background a t t r i b u t e d  t o  the  aurora  may be l a r g e  dur ing  c e r t a i n  
t imes,  and may cont r ibu te  s i g n i f i c a n t l y  t o  the  s t a r - t r a c k e r  background, only 
the  minimum background i s  des i r ed  a t  p re sen t .  The minimum w i l l  occur  when t h e  
aiu.rora i s  not. present.  w i t h i n  t h e  f i e l d  of view, a s  may be t h e  case when t h e  s t a r -  
t r a c k e r  i s  observing s ta rs  i n  the  v i c i n i t y  of t h e  equator .  Therefore ,  t h e  a u r o r a l  
background i s  not  considered t o  con t r ibu te  t o  the  background a t  t h e  maximum 
s igna l - to-noise  r a t i o  p o s i t i o n .  

E SCATTEmD MOONLIGHT 

Although s c a t t e r e d  moonlight may con t r ibu te  t o  t h e  background, t h e  maximum 
s igna l - to-noise  r a t i o s  w i l l  occur when the  moon i s  no t  v i s i b l e  from t h e  s a t e l l i t e .  
It is ,  the re fo re ,  no t  considered t o  con t r ibu te  t o  t h e  background under t h e  
condi t ions  for maximum s igna l - to -no i se  r a t i o .  

F. MINIMUM BACKGROUND 

The minimum background w i l l  appear when t h e  f i e l d  of view of t h e  photometer 
encompasses t h e  darkes t  po r t ion  of t h e  g a l a c t i c  sphere and no aurora  appears .  
I n  t h i s  s i t u a t i o n ,  t he  bulk  of t he  background c o n s i s t s  of the  airglow.  If 
40% of the  i n t e n s i t y  of t h e  z e n i t h  n i g h t  sky, shown i n  F ig .  40, i s  due t o  a i r -  
glow, then  t h e  in t eg ra t ed  i n t e n s i t y  from 0.3 t o  0.975 microns i s  1.969 X lo-'' 
watts/cm2 - s t e rad ian .  
emission i s  28.5.  
rocke t  f l i g h t s  i n  Ref. 11. 
s t e r a d  - p, and if t h i s  value i s  m u l t i p l i e d  by t h e  (I / Ig)max r a t i o  of  28.5, 
the  observed i n t e n s i t y  i s  1 .71  X lov9, which corresponds t o  4400-10th v i s u a l  
magnitude s t a r s / d e z .  
magnitude s ta rs /deg2  viewed by Cooper e t  -- a ~ , ~  cons ide r ing  t h e  v a r i a b l e  na ture  
of the  a i rg low i n t e n s i t i e s ;  t h e  ai rglow observed by Cooper e t  -- a1.7 was l e s s  
b r i g h t  then t h e  average observed va lues .  

The r a t i o  of I/Ig a t  t h e  peak i n  F i g .  43 f o r  t he  continuum 
The r a t i o  agrees  wi th  t h e  observe? values  obta ined  i n  NRL 

The i n t e n s i t y  near  5500 A i s  2.0 X 10-l' watts/cm2 - 

This  value i s  reasonably c lose  t o  the  3000-loth v i s u a l  

0 

The v e r t i c a l  d i s t r i b u t i o n  of t he  5577-A oxygen green l i n e  from Ref.  11 
i s  shown i n  F i g .  39. This  corresponds t o  2.913 X 
s t e rad ians ,  a s  measured from t h e  ground. From geometry and t h e  v e r t i c a l  d i s t r i -  
bu t ion  given, the value of (I/Ig)max is  39, g i v i n g  a c a l c u l a t e d  i n t e n s i t y  observed 

e r g s / s e c  - cm2 - 
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from space of 113.6 X lo-' e rgs / sec  - em2-steradian. 

NRL rocke t  f l i g h t s .  

Th i s  agrees  reasonably 
e rgs / sec  - em2 - s t e r a d i a n  observed by t h e  ' wel l  w i th  t h e  value of 160 X 

If, f o r  example, t h e  minimum background a t  40 km t angent  r a y  he igh t  i s  
des i r ed ,  it can be found i n  the  fol lowing manner. 
i s  8.8, g iv ing  an observed airglow i n t e n s i t y  of 1.738 fi 
s t e r a d i a n .  

1/1 a t  40 km, from F ig .  43, 
watts/cm2 - 

Therefore ,  t he  minimum background i n  t h e  s p e c t r a l  range 0.3-0.975 microns 
f o r  t h e  assumed a i rg low s p e c t r a l  d i s t r i b u t i o n  i s  

MINIMUM BACKGROUND 

a i r  glow 144.34 X watts  /em2 - m h 2  

s t e l l a r  background 1.19 X watts/cm2-mh2 ( 2 7 4 0 t h  v i s u a l  magnitude s ta rs /  
de g2 ) 

de g2 ) 

-18 
zod iaca l  l i g h t  2.30 X 10 watts/cm2-m?n2 (50-10th v i s u a l  magnitude s ta rs /  

t o t a l  147.83 X watts/cm2-rn?n2 

Th i s  value w i l l  e s t a b l i s h  a minimum noise  l e v e l .  Since t h e  s i g n a l  s t r e n g t h  
has been c a l c u l a t e d  previously,  t he  maximum s igna l - to -no i se  r a t i o  i s  now e s -  
t a b l i s h e d .  The minimum s igna l - to-noise  r a t i o  i s  u n i t y  o r  less;  t h e r e f o r e  t h e  
expected range of s igna l - to -no i se  r a t i o  of t he  s t a r - t r a c k e r  i s  e s t a b l i s h e d  f o r  
o r b t i a l  condi t ions .  

Another approach i n  determining the airglow i n t e n s i t y  i s  t o  cons ider  t he  
mean z e n i t h  sky background given by Allen' as 400-10th v i s u a l  magnitude s ta rs /  
degree2. 
t hen  t h e  i n t e n s i t y  of s t a r l i g h t ,  e .g . ,  200-10th v i s u a l  magnitude s tars /de$,  
a t  an  e f f e c t i v e  b l ack  body temperature of  5500°K, w i l l  be 9 .21  X 
cm2-m$!n2 i n  t h e  s p e c t r a l  range of 0.3-0.975 microns.  
n igh t  sky background i s  zod iaca l  l i g h t ,  and the  i n t e n s i t y  of  40-10th v i s u a l  
magnitude stars deg2, a t  t he  e f f e c t i v e  b l ack  body of t he  sun, e . g . ,  6000'~, 
i s  1.848 X lo-'' watts/cm2-mh2 from 0 . 3  t o  0.975 microns. The i n t e g r a t  

If 50% of the  mean n igh t  sky background i s  due t o  i n t e g r a t e d  s t a r l i g h t ,  

watts/  
Ten percent  of t he  mean 

n i g h t  sky background i n  the  S-20 s p e c t r a l  range of F ig .  40 i s  4.10 X 10 -u 
watts/cm2-min A 2  . Therefore ,  the d i f fe rence  of t he  sky background given i n  
F i g .  40, and s t a r l i g h t  and zod iaca l  l i g h t  ca l cu la t ed  above, can be a t t r i b u t e d  
t o  a i rg low i n  t h e  absence of any v i s i b l e  au ro ra .  
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The i n t e n s i t y  of the  background seen  from space a t  a tangent  r ay  he igh t  
of 40 k m  and s p e c t r a l  range of 0.3-0.973 microns i s  

MINIMUM BACKGROUND 

A 2  a i rglow 263.55 x watts/cm2-mm 

s t e l l a r  background 1.19 X watts/cm2-m$n2 

zod iaca l  l i g h t  2.30 x 10 wat,t,s/crn -mi n 
-18 2 $ 2  

2 ? 2  t o t a l  267.04 X watts/cm -min 

Therefore  s t e l l a r  background and zod iaca l  l i g h t  can be neglec ted  without  s e r i o u s  
e r r o r  i n  c a l c u l a t i n g  t h e  sky background a s  seen  from space a t  var ious  tangent  
ray  he igh t s  . 

I 
1 I 

I 
I 
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V.  GEOMETRY AND TIME OF OCCULTAT I O N  FOR VARIOUS AZIMUTH ANGUS 

A s t a r  l y i n g  i n  the  o r b i t a l  plane of  t he  s a t e l l i t e  w i l l  have r e f r a c t i o n  
a c t i n g  e n t i r e l y  i n  the  o r b i t a l  plane as  t h e  s t a r  i s  occul ted  by the  e a r t h .  
Only changes i n  e l e v a t i o n  of t h e  s t a r  due t o  r e f r a c t i o n  w i l l  appear a s  t h e  
s t a r  se ts ,  and no change w i l l  occur i n  t h e  d i r e c t i o n  perpendicular  t o  t h e  
o r b i t a l  plane due t o  r e f r a c t i o n .  (There can be l a t e r a l  r e f r a c t i o n  b u t  t h i s  
e f f e c t ,  t r e a t e d  i n  Ref. 6 under non-spherici ty ,  i s  so smal l  t h a t  it w i l l  be 
neglec ted  h e r e ) .  
some azimuth angle  wi th  r e spec t  t o  the s a t e l l i t e ,  r e f r a c t i o n  w i l l  n o t  occur  
i n  a plane co inc ident  wi th  t h e  o r b i t a l  p lane .  A s  a r e s u l t ,  changes i n  e l e v a t i o n  
and azimuth w i l l  occur s imultaneously dur ing  occu l t a t ion ,  and t h e  s t a r  w i l l  
appear t o  t r a c e  ou t  a curved path with r e s p e c t  t o  t h e  e a r t h .  The geometry of 
o c c u l t a t i o n  a t  an a r b i t r a r y  azimuth angle i s  shown i n  F ig .  44, where 

However, i f  the  s t a r  i s  not  i n  the  o r b i t a l  plane b u t  has 

r = s a t e l l i t e  r ad ius  vec tor  - 

s* = unre f rac t ed  vec tor  t o  the  s t a r  - 

s = r e f r a c t e d  star vec to r  - 

Q - = normal t o  t h e  o r b i t a l  plane 

Rs = r e f r a c t i o n  angle 

AZ = i n i t i a l  azimuth angle  f o r  un re f r ac t ed  s t a r  

JI = angle  between x-axis  and s a t e l l i t e  r a d i u s  vec to r  

6 = angle  between s a t e l l i t e  r ad ius  vec to r  and unref rac ted  
s t a r  vec tor  

F igure  44 shows t h e  i n t e r s e c t i o n  of the fo l lowing  t h e e  planes:  

(1) The o r b i t a l  plane; 

( 2 )  The plane perpendicular  t o  t h e  o r b i t a l  plane con ta in ing  t h e  o r b i t a l  
plane normal Q,  and unref rac ted  s t a r  vec to r  s*; - - 

( 3 )  The plane formed by the  s a t e l l i t e  r ad ius  vector ,  
s t a r  vec to r  s*. 

2, and unre f r ac t ed  

- 

The i n t e r s e c t i o n  of planes (1) and ( 2 )  form t h e  x-ax is .  
o r b i t a l  plane a t  t he  s a t e l l i t e  i s  the z a x i s ,  whereas t h e  y a x i s  i s  formed by 
z X x . Planes (1) and ( 2 )  remain f ixed  f o r  a p a r t i c u l a r  s t a r ,  whereas plane 

The normal t o  t h e  

- -  





( 3 )  r o t a t e s  i n  a nonl inear  manner around s* a s  an  a x i s  as t h e  s a t e l l i t e  r ad ius  
vec tor ,  2, moves i n  i t s  o r b i t  dur ing  o c c u l t a t i o n .  Ref rac t ion  w i l l  occur  e n t i r e l y  
i n  plane ( 3 ) .  

- 

I n  o rde r  t o  measure changes i n  e l eva t ion  and azimuth angles ,  it was necessary 
t o  c a l c u l a t e  t h e  x, y, and z components of the  o r b i t a l  p o s i t i o n  and r e l a t e  t hese  
components t o  t h e  tangent  ray  height ,  r e f r a c t i o n  angle ,  and the  o the r  parameters 
used i n  t h e  a n a l y s i s  of an  i so thermal  atmosphere. 

The r e f r a c t i o n  and component p ro jec t ions  i n  plane ( 3 )  a r e  shown i n  F i g .  45. 
The u n i t  r e f r a c t e d  s t a r  vec to r  pro jec ted  a long  t h e  s a t e l l i t e  r ad ius  vec to r  i s  

sr = - s ( S i n  R,/sin 6)  , 
- 

where ] S I  = 1 . 

The r e f r a c t e d  s t a r  v e c t o r  p ro jec t ed  along the  un re f r ac t ed  s t a r  vec to r  - s * i s  

s S = - s ( c o s  Rs + s i n  Rs c o t  6 )  . (84) 

These v e c t o r s  give x, y, z components of - s a s  

s Y = - s ( s i n  R, s i n  $ /s in  6)  ; 

r 1 

sz = - s { ( c o s  R, + s i n  R, c o t  6) s i n  AZ 5 I 

The v a r i a b l e  azimuth and e l e v a t i o n  angles wi th  r e spec t  t o  t h e  x, y, z coordinate  
system are 

-1 
E = COS ( sY)  



* 

v) 
v) 
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The angle  '# i s  r e l a t e d  t o  8 and AZ b y  

'# = cos-1 { cos 6 7 f . 
cos Az 

From Sec t ion  I11 A, Eq.  ( 3 )  f o r  an i so thermal  atmosphere, t he  r e f r a c t i o n  angle  
can be expressed as 

where 

% = ground l e v e l  dens i ty  

ho = t angent  r ay  he igh t  

H = s c a l e  he ight  

re = r ad ius  of  t he  e a r t h  

ko = (221.03 + 1.66/h2) x 

A = wavelength i n  microns 

The angle  6 can be expressed as 

( re+ho)  ( k0PO+1) 
6 = sin-' [ rs 3 - Rs . 

Since 6 = 5 - 8, 8 i s  obtained from Sect ion  111 A ,  E q .  ( 5 )  and expressed a s  

-hO /H where rs = o r b i t a l  r ad ius  of the  s a t e l l i t e  (km ); po = %e 

The time f o r  o c c u l t a t i o n  can be determined b; t a k i n g  the  d i f f e r e n c e  of t he  
angle ,  $, between a given tangent  ray he igh t  and a tangent  r a y  he ight  correspond- 
ing  t o  occu l t a t ion ,  i n  t h i s  case 5 km, and d iv id ing  it by the  o r b i t a l  frequency (u: 
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4 0 )  - 
CD 

t ( h )  - t ( h o )  = 

The time requi red  t o  pass between var ious  tangent  r a y  he ights  a t  any given 
azimuth angle  i s  shown i n  F i g .  47. Occu l t a t ion  w i l l  be assumed t o  occur a t  
5 km, and the  time requi red  f o r  o c c u l t a t i o n  from any tangent  r ay  he ight  and any 
azimuth angle  i s  given.  Therefore ,  i n  t he  example o c c u l t a t i o n  occurs  i n  31 
seconds when the  tangent  r ay  he ight  i s  40 km. 

- 

The change i n  e l e v a t i o n  and change i n  azimuth angle  a r e  p l o t t e d  i n  F ig .  46 
f o r  va r ious  azimuth angles  dur ing  o c c u l t a t i o n .  The changes a r e  very c lose  t o  
be ing  l i n e a r  up t o  an azimuth angle  of 30'. A s  an example, for a s t a r  having 
an  un re f r ac t ed  azimuth of 30' a change i n  azimuth angle  o f  19.5 arc-min occurs  
i n  going from a tangent  ray he ight  of 40 km t o  5 km and the  corresponding change , 

I i n  e l e v a t i o n  i s  51.5 arc-min. 
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Change i n  azimuth and e l eva t ion  angles  of a s t a r  t r a c k e r  during 
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V I .  VEFiTICAL DISTRIBUTION OF CLOUD COVER AT L O W  LATITUDES 

Although e s t ima tes  of r eg iona l  and g l o b a l  cloud cover have been made from 
ground obcervat ions by Landsberg12, from TIROS s a t e l l i t e  photographs by Arking 3 L and Clapp , and from TIROS longwave r a d i a t i o n  d a t a  by Rasool14 l i t t l e  information 
on t h e  v e r t i c a l  d i s t r i b u t i o n  of  r eg iona l  cloud cover has been publ ished.  
s c a r c i t y  of such c l i m a t i c  da t a  may be a t t r i b u t e d  t o  t h e  d i f f i c u l t y  of observing 
the  he ights ,  and sometimes the  presence,of high o r  mul t i layered  clouds from t h e  
ground o r  from a sh ip .  Commerical a i r l i n e  crews, however, enjoy a more favorable  
vantage p o i n t  f o r  ob ta in ing  such information.  Therefore ,  cloud d a t a  recorded 
dur ing  t r i p s  between c e r t a i n  low- la t i tude  t e rmina l s  were u t i l i z e d  t o  a r r i v e  a t  
an e s t ima te  of  t h e  v e r t i c a l  d i s t x i b u t i o n  of c louds above 4 km. 

The 

The d a t a  were made ava i l ab le  by Pan American-Grace Airways, Inc . ,  commerical 
c a r r i e r s  ope ra t ing  wi th  j e t  t u rb ine  a i r c r a f t  i n  South America. The rou te s  were 
roughly mer id iona l  wi th  te rmina ls  a t  Panama ( 8 O 2 7 ' ~ ,  7 9 O O 3 ' W )  a t  t he  nor thern  
end and Sant iago (33'26'S, 7Oo4O1W) or  Buenos Aires  (340201S, 58'3O'W) a t  t he  
southern  end ( F i g .  48). Cloud type and cloud a l t i t u d e  information had been 
en tered  on t h e  f l i g h t  forms for a considerable  number of s e c t o r s  of var ious  
lengths ,  so  t h a t  t h e  d i v i s i o n  of rou te s  i n t o  segments of 5 t o  10 degrees  of 
l a t i t u d e  was bo th  feasible and economical f o r  data-handl ing.  
o r  more per  day i n  each d i r e c t i o n ,  and wi th  th ree -qua r t e r s  of t h e  observa t ions  
be ing  acceptab le  over t h e  per iod from August 1960 t o  May 1962, about 500 daytime 
observa t ions  pe r  s e c t o r  r e s u l t e d  i n  most ca ses .  
abundant, b u t  they  were a l s o  analyzed f o r  comparison with day observa t ions .  

With one f l i g h t  

Night observa t ions  were l e s s  

Since the  o b s t r u c t i o n  t o  ho r i zon ta l  v i s i o n  above 4-km a l t i t u d e  was the  
ch ief  datum be ing  sought, t he  method of process ing  used simple "Yes" o r  "Nor' 
answers t o  t h e  ques t ions ,  "Are clouds r epor t ed  i n  t h i s  segment above 4, 5 ,  
.... 12 km?" 
s u f f i c i e n t  t o  count t h a t  segment among the  p o s i t i v e  cases .  This  count ing  
procedure l e d  t o  t h e  cumulative frequency form of g raph ica l  r ep resen ta t ion ,  with 
a l t i t u d e  as t h e  r e l a t e d  v a r i a b l e  (F ig .  49).  
according t o  l a t i t u d i n a l  zones along the  a i r  rou te s  a t  8°N-00, 0'-10°S, 10's- 
2OoS, 2OoS-3O0S, and 300S-35°S, with a l l  daytime da ta  included.  The mean 
tropopause a l t i t u d e  was taken a s  a n  upper l i m i t  i n  each zone. The curves 
show a pronounced decrease i n  c loudiness  southward a t  a l l  a l t i t u d e s  above 
4 km, except  i n  the  zone 20 S-30°S, which i s  nea r ly  i d e n t i c a l  t o  the  t e n -  
degree band on i t s  nor thern  s i d e .  
curves  i s  t h e  pronounced hump near  10 km i n  most ca ses .  This  apparent  maximum 
i n  c loud  frequency w i l l  be d iscussed  i n  t h e  s e c t i o n  on sys temat ic  e r r o r s .  

An a f f i r m a t i o n  of c loudiness  i n  any s e c t o r  of a segment was 

Here the  f i v e  curves a r e  numbered 

0 

A second i n t e r e s t i n g  c h a r a c t e r i s t i c  of t he  

Monthly graphs s i m i l a r  t o  F ig .  49 were drawn i n  o rde r  t o  determine some 
s u i t a b l e  seasonal  groups.  The r e s u l t i n g  combinations of months a r e  used i n  
F i g .  50 t o  show the  seasonal  v a r i a t i o n s  i n  r e l a t i o n  t o  l a t i t u d e  and a l t i t u d e .  
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a l t i t u d e  data  were a v a i l a b l e .  

South American a i r l i n e  rou te s  f o r  which cloud type and cloud 
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The p r i n c i p a l  f e a t u r e s  of  F ig .  50 are t h e  a r e  the  d e a r t h  of cloud cover south  
of t h e  equator  above 1 2  k m  and the  r e l a t i v e  minima gene ra l ly  found i n  win te r  
from 0' t o  20's. Summer h igh- leve l  c loudiness  exceeds t h a t  of w in te r  i n  a l l  
zones from 8ON t o  35OS, and the t r a n s i t i o n  seasons a r e  s imilar  t o  summer near  
t he  equator .  High f requencies  around t h e  equator  a r e  a s soc ia t ed  wi th  t h e  I n t e r -  
t r o p i c a l  Convergence Zone, which is f r equen t ly  a c t i v e  wi th in  t h e  10 N - 0' 
b e l t  throughout t he  year  and occas iona l ly  i n  t h e  0' - 10 S zone i n  the  December- 
March per iod .  
of about 10 km i n  e q u a t o r i a l  l a t i t u d e s  much of t h e  time, and a l e s s e r  a l t i t u d e  
of 4 or 5 km a t  15's t o  35's. 

0 

0 

The 50-$ l i n e  drawn across  t h i s  graph corresponds t o  a n  a l t i t u d e  

Poss ib l e  sys temat ic  e r r o r s  i n  v i s u a l  observa t ions  of clouds may w e l l  r a i s e  
some doubt about t he  g raph ica l  r e s u l t s  presented  here .  For example, b i a s  would 
be p re sen t  i n  r e p o r t s  of n i l  c loudiness  when no observa t ion  was a c t u a l l y  made. 
Observer b i a s  would a l s o  seem t o  exp la in  the  humps near  10 km i n  t h e  curves of 
F ig .  49, s i n c e  j e t  c r u i s i n g  l e v e l s  a r e  a t  10 2 2 km. 
below t h e  tropopause b a r r i e r  t o  clouds i n  these  l a t i t u d e s ,  so t h e  r e s u l t  probably 
d i s c l o s e s  a tendency t o  underest imate  v e r t i c a l  d i s t ances  from a i r c r a f t  t o  c louds.  
No a t tempt  was made t o  c o r r e c t  supposed underest imat ion b i a s .  

This  a l t i t u d e  i s  w e l l  

Another sys temat ic  e r r o r  i n  t h e  data  concerns the  occas iona l  absence of 
a w r i t t e n  cloud r e p o r t .  
c louds a r e  absent ,  b u t  i f  so, t h e  r e j e c t i o n  of b lank  r e p o r t s  would tend  t o  
counterac t  t h e  erroneous r epor t ing  of n i l  c loudiness .  Our procedure was t o  
r e j e c t  a l l  b lank  o r  l a r g e l y  incomplete r e p o r t s ,  which amounted t o  one-quar te r  
of t he  t o t a l ,  and t o  r e l y  i n  p a r t  upon s e v e r a l  years  of experience i n  t h e  South 
American reg ion .  

Such missing d a t a  may we l l  occur more f r e q u e n t l y  when 

No g r e a t  amount of r ep resen ta t iveness  i n  these  r e s u l t s  i s  claimed f o r  
o t h e r  longi tudes ,  because t h e  a i r l i n e  rou te s  (F ig .  48) l i e  near  the  Andes 
Mountains, most ly  on the  l e e  s i d e  i n  the  e q u a t o r i a l  e a s t e r l i e s  and t h e  s u b t r o p i c a l  
w e s t e r l i e s  (Buenos Aires-Lima). 
d i u r n a l  b ias  i n  the  d a t a  due t o  the  f l i g h t  schedules:  c o n s i s t e n t l y  a t r i p  
southbound from Panama s t a r t e d  i n  t h e  predawn t w i l i g h t ,  and a t r i p  northbound 
from Buenos Ai re s  s t a r t e d  dur ing  evening t w i l i g h t .  
i nc lud ing  s tops ,  t o  t r a v e r s e  a l l  segments i nd ica t ed  i n  F ig .  48. 

The t e r r a i n  e f f e c t s  may a l s o  cause some 

Each t r i p  requi red  8-9 hours, 

A number of n i g h t  observa t ions  from t h e  northbound t r ips  were a v a i l a b l e  
sou th  of 12's. 
t hey  are presented  f o r  comparison i n  F ig .  51, where t h r e e  of t h e  nonseasonal 
curves  i n  F i g .  49 a r e  repea ted .  
lower a t  n i g h t  i n  a l l  segments by f a c t o r s  of 2 t o  6 below 12 km. 
ness  makes accu ra t e  observa t ion  more d i f f i c u l t ,  some of t h i s  c o n t r a s t  should 
be a t t r i b u t e d  t o  sys temat ic  underest imat ion of cloud cover.  I n  f a c t ,  t he  
c o n t r a s t  between curves 3 and 5 over land i s  no g r e a t e r  than  the  c o n t r a s t  f o r  
t he  o t h e r  segments, which a r e  p a r t l y  over water;  and observer  b i a s  may be more 
important  t han  noc turna l  d i s s i p a t i o n  o f  clouds over  l and .  A s  bo th  e f f e c t s  a c t  
i n  t he  same d i r e c t i o n ,  f u r t h e r  conclusions w i l l  no t  be drawn from the  comparison. 

These d a t a  were processed i d e n t i c a l l y  t o  t h e  daytime d a t a  and 

The frequency of observed cloud cover i s  
Since dark-  
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F i g .  51. Comparison of daytime and night t ime cloud f requencies  over  t h e  
l a t i t u d i n a l  zones ind ica ted .  "N" i s  the  number of cloud r e p o r t s .  
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The fo l lowing  genera l  s ta tements  summarize t h e  p r i n c i p a l  r e s u l t s  of t h i s  
study which may be obta ined  r ega rd le s s  of sys temat ic  obse rva t iona l  e r r o r :  

a. The frequency of clouds above 4 km a t  6O-8O0W. Long. decreases  south-  
With minor except ions,  t h i s  i s  t r u e  seasona l ly  a s  we l l  ward from 8'N t o  35's. 

a s  i n  t h e  mean condi t ion .  

b. Summer h igh- leve l  c loudiness  exceeds t h a t  of win ter  between 8 O N  and 
35's i n  these  longi tudes ,  b u t  t he  t r a n s i t i o n  seasons near  the  equator  a r e  
comparable t o  summer. 

c .  Where noc turna l  observat ions a r e  ava i l ab le ,  as i n  t h e  zone from 12's 
t o  3 5 O S ,  t he  frequency of observed night t ime cloudiness  i s  l e s s  t han  i n  daytime 
by f a c t o r s  of 2 t o  6. 
d i s s i p a t i o n  of  cumuliform clouds i n  the  hours of  darkness over  land  a r e a s .  

An undetermined p a r t  of  t h i s  d i f f e rence  i s  due t o  p a r t i a l  

The r e s u l t s  of t h i s  prel iminary work i n d i c a t e  t h a t  s t a r s  be ing  t racked  
downward through t h e  atmosphere w i l l  u s u a l l y  become obs t ruc ted  by clouds wi th in  
a 20-degree zone centered  on t h e  equator .  The a l t i t u d e  a t  which t h i s  i n t e r r u p t i o n  
of t he  g raz ing  r a y  occurs  w i l l  o f t e n  l i e  between 10 km and 15 km, and l i t t l e  
d a t a  w i l l  be  obta ined  below 5 km. 
clouds decreases  g r e a t l y ,  and the  chance of ob ta in ing  information from as low 
a s  10 k m  i s  well over  50-50 i n  a l l  seasons.  

Beyond 10°S, however, t h e  incidence of high 

The kind of in format ion  obtained i n  the  South American reg ion  should be 
supplemented by information obtained from a i r l i n e s  ope ra t ing  i n  o t h e r  reg ions .  
To secure  t h e s e  da ta ,  a s p e c i a l  p i l o t  r e p o r t  form has been designed and put  t o  
use i n  t h e  e a s t e r n  P a c i f i c  region.  



V I I .  CONCLUSIONS 

The requirements of a s a t e l l i t e  s t a r - t r a c k e r  have been f a i r l y  w e l l  
e s t a b l i s h e d  by t h e  analyses  presented i n  t h i s  r e p o r t .  
s igna l - to-noise  r a t i o s  and t r a c k i n g  accuracy requirements,  t h e  pre l iminary  
des ign  of t h e  s t a r - t r a c k i n g  equipment i s  be ing  undertaken.  

Using t h e  proposed 

The a b i l i t y  t o  des ign  a s u i t a b l e  stai--t i-acklilg s y s t e m  u t l l l z i n g  preseEt -  
l y  a v a i l a b l e  equipment and techniques  w i l l  prove the  f e a s i b i l i t y  of t he  
r e f r a c t i o n  method. 
f e e l  o p t i m i s t i c  about t he  prospec ts  of so doing. 

Present  information on engineer ing  systems l eads  us  t o  

Following t h i s  design, an o r d e r l y  and economical p l an  w i l l  be proposed 
f o r  implementing the  method wi th  hardware, culminat ing wi th  an  o r b i t a l  t e s t .  
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